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Abstract. In this article, we develop the Yoccoz puzzle technique to study a 
family of rational maps termed McMuUen maps. We show that the boundary 
of the immediate basin of infinity is always a Jordan curve if it is connected. 
This gives a positive answer to a question of Devaney. Higher regularity of this 
boundary is obtained in almost all cases. We show that the boundary is a quasi- 
circle if it contains neither a parabolic point nor a recurrent critical point. For the 
whole Julia set, we show that the McMuUen maps have locally connected Julia 
sets except in some special cases. 



1. Introduction 

The local connectivity of Julia sets for rational maps is a central problem in 
complex dynamical systems. It is well-studied for classical types of rational maps, 



such as hyperbolic and semi- hyperbolic maps and geometrically finite maps 4 , 20 



[29] . The polynomial case is also well-known 10 , 13 , 15 , 16 , [21], [23]. For 

quadratic polynomials, Yoccoz proved that the Julia set is locally connected provided 
all periodic points are repelling and the map is not infinitely renormalizable [l4] , 
[21] . Douady exhibited a striking example of an infinitely renormalizable quadratic 
polynomial with a non-locally connected Julia set f2l]. For a general polynomial 
with connected Julia sets and without irrationally neutral cycles. Kiwi shows in [15[ 
that the local connectivity of the Julia set is equivalent to the non-existence of 
wandering continua. 

A powerful tool for studying the local connectivity of Julia sets for polynomials 
is the so-called 'Branner-Hubbard- Yoccoz puzzle' technique introduced by Branner- 
Hubbard and Yoccoz [2]. This technique uses a natural method of construction 
involving finitely many periodic external rays together with an equipotential curve. 
However, for general rational maps, the situation is different, and the construction 
of the Yoccoz puzzle becomes quite involved, even impossible. Until now, the only 
known rational maps that admit Yoccoz puzzle structures were cubic Newton maps. 



whose Yoccoz puzzles were constructed by Roesch. In 26 , Roesch applied Yoccoz 
puzzle techniques to show striking differences between rational maps and polyno- 
mials. The method also leads to the local connectivity of Julia sets except in some 
specific cases. 

In this article, we present the Yoccoz puzzle structure for another family of rational 
maps known as McMullen maps. These maps are of the form 

/a : z ^ + A/z", A G C* = C \ {0}, n > 3. 
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The dynamics of this family of maps have been studied by Devaney and his group 

(6), (!|, i- 

The Yoccoz puzzle differs for cubic Newton maps and McMullen maps in the 
following way. For cubic Newton maps, the Yoccoz puzzle is induced by a periodic 
Jordan curve that intersects the Julia set at countably many points. However, for 
McMullen maps, the element used to construct the Yoccoz puzzle is a periodic 
Jordan curve (this curve will be called the 'cut ray') that intersects the Julia set in 
a Cantor set. This type of Jordan curve is induced by some particular angle and 
can be viewed as an extension of the corresponding external ray (see Section 3.2). 

We denote by Bx the immediate basin of attraction of cxd. The topology of dBx 
is of special interest. Based on Yoccoz puzzle techniques and on combinatorial and 
topological analysis, we prove: 

Theorem 1.1. For any n >3 and any complex parameter X, if the Julia set J{f\) 
is not a Cantor set, then dBx is a Jordan curve. 

This affirmatively answers a question posed by Devaney at the Snowbird Confer- 
ence on the 25th Birthday of the Mandelbrot set |7|. For higher regularity of dBx, 
we show that dBx is a quasi-circle except in two special cases. 

Theorem 1.2. Suppose that J{fx) is not a Cantor set; then dBx is a quasi-circle if 
it contains neither a parabolic point nor the recurrent critical set Cx '■= {c; c^"' = A}. 

Here, the critical set Cx is called recurrent, if Cx C J{fx) and the set ^k>ifx{^>) 
has an accumulation point in Cx- It follows from Proposition 7.10 that if dBx 



contains a parabolic point, then dBx is not a quasi-circle by the Leau-Fatou-Flower 
Theorem [21j. Whether dBx is a quasi-circle when dBx contains the recurrent 
critical set Cx is still unknown. 

For the topology of the Julia set, we show 

Theorem 1.3. Suppose fx has no Siegel disk and the Julia set J{fx) is connected, 
then J {fx) is locally connected in the following cases: 

1. The critical orbit does not accumulate on the boundary dBx- 

2. fx is neither renormalizable nor * — renormalizable- 

3. The parameter A is real and positive. 

See Section 5 for the definitions of renormalization and *— renormalization. The- 
orem 1.3 implies that the Julia set is locally connected except in some special cases. 



In fact, the theorem is stronger than the following statement: 

Theorem 1.4. Suppose fx has no Siegel disk and the .Julia set J (fx) is connected, 
then J{fx) is locally connected if the critical orbit does not accumulate on the bound- 
ary dBx- 



Theorem 1 1.4| is an analogue of Roesch's Theorem |26]: 

Theorem 1.5. (Roesch) A genuine cubic Newton map without Siegel disks has a 
locally connected Julia set provided the orbit of the non-fixed critical point does not 
accumulate on the boundary of any invariant basin of attraction. 

We exclude the case n = 2 because it is impossible to find a non-degenerate 
critical annulus for the Yoccoz puzzle constructed in this paper. The existence of a 
non-degenerate critical annulus is technically necessary in our proof. 
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The paper is organized as follows: 

In Section 2, we present some basic results on McMullen maps. 

In Section 3, we construct'cut rays', each of which is a type of Jordan curve that 
divides the Julia set into two different parts. We first construct a Cantor set of 
angles on the unit circle which is used to generate'cut rays'. We then discuss the 
construction of 'cut rays' based on the work of Devaney [6]. 

In Section 4, basic knowledge of Yoccoz puzzles, graphs and tableaux are pre- 
sented. The aim of this section is to find a Yoccoz puzzle with a non-degenerate 
critical annulus (see Section 4.2). A natural construction of the 'modified puzzle 
piece' is discussed (See Section 4.3). 

In Section 5, we discuss the renormalizations of McMullen maps in the context of 
the puzzle piece. 

In Section 6, we present a criterion of local connectivity. We introduce a 'BD 
condition' on the boundary of the immediate basin of attraction. Such a condition 
can be considered as 'local semi-hyperbolicity'. We show that existence of the 'BD 
condition' implies good topology. 

In Section 7, we study the local connectivity of dB\ in all possible cases and show 
that dB\ enjoys higher regularity except in two special cases. 

In Section 8, we study the local connectivity of the Julia set J(/a) based on the 
'Characterization of Local Connectivity' and the 'Shrinking Lemma'. 

Acknowledgement The authors would like to thank the referees for their care- 
ful reading of the manuscript and their helpful comments. This research was sup- 
ported by the National Natural Science Foundation of China (Grants No. 10831004, 
10871047) and by the Science and Technology Commission of Shanghai Municipality 
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2. Preliminaries and Notations 

In this section, we present some basic results and notations for the family of 
rational maps 

h{z)=z^ + \/z^ 

where A G C* and n > 3. This type of map is known as a 'McMullen map' because 
it was first studied by McMullen, who proved that when |A| is sufficiently small the 
Julia set of z i— )■ + \z~^ is a Cantor set of circles 



18 



For any A G C*, the map fx has a super attracting fixed point at oo. The im- 
mediate basin of oo is denoted by B\, and the component of f^^{Bx) that con- 
tains is denoted by T^. The set of all critical points of fx is {0,oo} U Cx, where 
Cx = {c;c^^ = A}. Besides oo, there are only two critical values for fx'- = 2y/\ 
and v'^ = —2^/\. In fact, there is only one critical orbit (up to a sign). Let 

P{f\) = Un>i /a(^-^) ^ {°*^} postcritical set. 

The Bottcher map (px for fx is defined in a neighborhood of oo by </>a(-z) = 

U —k 

lim {fx{z)T ■ The Bottcher map is unique if we require (/)^(oo) = 1. It is known 

fc— >-oo 

that the Bottcher map (f)x can be extended to a domain Dom((/)A) C Bx such that 
(j)x '■ T)om((f)x) {z G C : \z\ > R} is a conformal isomorphism for some largest 
number R > 1. In particular, if Bx contains no critical point other than oo, then 
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Dom((/>;^) = Bx', if Bx contains a critical point c G {0} U Cx, then by 'The Escape 



Trichotomy' Theorem 2.3), the Julia set J{fx) is a Cantor set. 



The Green function Gx ■ Bx ^ {0,oo] is defined by 



Gx{z) =lim n-'=log|/^- 



By definition, Gx{fx{z)) = nGxiz) for z € Bx and Gx{z) = log\cl)x{z)\ for z G 
Dom(</)A). The Green function Gx can be extended to Ax = {Jk>o fx''(-^>') 
defining 

Gx{z) = n-'Gxifh^)) for z E ^-'^(Sa). 

In the following, for a set E in C and a G C, let aE = {az; z € E}, a + E = 
{a + z;z £ E}, E be the closure of E and int(£') be the interior of E. 

Lemma 2.1 (Symmetry of the Dynamical Plane). Let oj satisfy w^" = 1; then, 

1. ojJifx) = Jifx). 

2. Gxiujz) = Gx{z) forze Ax. 

3. ojJ}om.{(f)x) = Dom(0A), and (pxi^^z) = uj(j)x{z) for z € T)om{(j)x)- 

Proof. For 1, because Ax = {z £ C; f^{z) tends to infinity as /c — )• oo} and f^{ujz) = 
±f^{z) for k > 1, f^{ujz) tends toward infinity if and only if f^{z) tends toward 
infinity as /c — )■ cxd. Thus, to Ax = Ax. The conclusion follows from the fact that 
J{fx) = dAx. 

2. By the definition of Gx. 

3. Because Dom((/)A) is the connected component of {z G Bx;Gx{z) > logi?} 
that contains oo, we conclude that ujDom{<l)x) = Dom((/>A). Note that (pxi^^z) and 
uj(l)x{z) are two Riemann mappings of Dom^cpx) onto {z G C; \z\ > R} with the 
same derivative at oo, we have cpxi^^z) = cocpxiz) by the uniqueness of the Riemann 
mapping theorem. □ 

The non-escape locus of this family is defined by 

M = {A G C*; fxi'^x) does not tend to infinity as — t- oo}. 

Lemma 2.2 (Symmetry of the Parameter Plane). The non-escape locus M satisfies: 

1. M is symmetric about the real axis. 

2. vM = M with 1^"--^ = 1. 

3. For any line £ G {eM; £^"-2 = i}^ M is symmetric about I. 



Proof. 1. Because fx{z) = /a(-2), the Critical orbit of fx and the critical orbit of f\ 
are symmetric under the map z i— )■ z, they either both remain bounded or both tend 
to infinity. Thus, M is symmetric about the real axis. 
2. Let u = e^Wlri-i) and ip{z) = e'^*/^"-^)^. For k>l, 




o 



Lp{z 



{-Ifftiz), n odd, 
n even. 



Thus, the critical orbit of fx tends toward infinity if and only if the critical orbit of 
fnX tends toward infinity. Equivalently, A G M if and only if i^A G M. 

3. The conclusion follows from 1 and 2. □ 
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Figure 1. Parameter plane for McMullen maps when n = 3. 



From Lemma 2.2, f\ and fxe2^i/(n-i) have the same dynamical properties and 
their Julia sets are identical up to a rotation. Thus, the fundamental domain of the 
parameter plane is {A G C*; arg A G [0, ^^)}- 

The following theorem of Devaney, Look and Uminsky gives a classification of 
Julia sets of different topological types 1 8j . 

Theorem 2.3 (Devaney-Look-Uminsky) . The Escape Trichotomy. 

1. If G B\, then J{f\) is a Cantor set. 

2. If G Ta 7^ B\, then J{fx) is a Cantor set of circles. 

3. If fxi'^x) G Tx 7^ Bx for some k > 1, then J {fx) is a Sierpinski curve, which 
is locally connected. 

In all other cases, the critical orbits remain bounded and the Julia set J{fx) is 
connected. 

For n > 3, it is known that the unbounded component of C* — M consists of the 
parameters for which the Julia set is a Cantor set. This region is called a Cantor 
set locus (see Figure 1). The component of C* — M that contains a punctured 
neighborhood of is the region in which the Julia set J{fx) is a Cantor set of 
circles; this is referred to as the McMullen domain in honor of McMullen, who 
first discovered this type of Julia set. The complement of these two regions is the 
connected locus. The small copies of the quadratic Mandelbrot set correspond to the 
renormalizable parameters, while the 'holes' in the connected locus are always called 
Sierpinski holes according to Devaney. These regions correspond to the parameters 
for which the Julia set is a Sierpinski curve. 

We will see later that, when the critical orbit tends to oo, the boundary dBx is a 
quasi-circle if it is connected. Thus, this case is already well studied. 

In this paper, we will restrict our attention to the parameters X G Ti = {X £ 
C*;argA G (0, ;^)} for the most part because of the symmetry of the parameter 
plane. For these parameters, we can develop Yoccoz puzzle techniques to study the 
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Figure 2. Sectors in the dynamical plane when n = 3. 

local connectivity of Julia set. However, for real parameters, Yoccoz puzzle theory 
cannot be applied because of the absence of critical puzzle pieces. The real positive 
parameters will be considered separately in Section 7.3. 

Therefore, if there is no further assumption, most discussions are based on the 
following: 

Hypothesis: X £ Ti and the critical orbits remain bounded, or equivalently, 

Ca n = 0. 

2.1. Notations. Let cq = co(A) = ^a/A be the critical point that lies on when 
A € M"*" and varies analytically as A ranges over T-L. Let Ck = cqc^'^^/'^ for 1 < A; < 
2n — 1. The critical points with k even are mapped to v'^ = 2\/A while the critical 
points Cfc with k odd are mapped to v'^ = — 2\/A. 

Let = CfcM^(M^ := [0, +oo]) be the real straight line connecting the origin to 
oo and passing through Cfc for < A; < 2n — 1 . We call ik a critical ray. The closed 
sector bounded by and Ik+i is denoted by S'fc for < A; < n. Define S-k = —Sk 
for 1 < k < n — 1. Therefore, the sectors are arranged counterclockwise about the 
origin as 5o, 5i, • • • , 5„, • • • , S'_(„_i) (see Figure 2). 

The critical value v'^ always lies in Sq because argco < aigv~^ < argci for all 
X G Ti. Correspondingly, the critical value lies in Sn- It is easy to confirm that 
the image of ik under fx is a straight ray connecting one of the critical values to 
oo; this ray is called a critical value ray. As a consequence, f\ maps the interior of 
each of the sectors of {S±i, ■ ■ ■ ,S^(^n-i)} univalently onto a region T^, which can 
be identified as the complex sphere C minus two critical value rays. 

Let V denote the set of all components of IJfc>o fx^'i-^^y)- U G V and v > 0, 
let e{U, v) = {z £ U; G\[z) = v} be the equipotential curve. The annulus bounded 
by e{Bx,v) and e{Tx,v) is denoted by Q^. We may choose a v large enough that 
dQy intersects with every critical ray at exactly two points (to see this, notice that 
the Bottcher map 4>x ■ Bx ^ C — IS) acts like the identity map near oo; thus, e(Bx, v) 
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looks like a circle when v is large. The curve e(Tx, v) also looks like a circle because 
fx{e{Tx,v)) = e{Bx,nv) and fx acts like z i— t- A/z" near zero). The bounded and 
unbounded components of C \ e{Bx, v) are denoted by V(t;) and V(v), respectively. 

Now, we define radial rays of U for every U G V\{Bx}- In the Hypothesis section, 
we see that there is a unique Riemann mapping -Tx such that 

Mz)-^ = Mfxi^)), ^ e Tx; ^'t,{0) = l/{/A. 

The radial ray Rr^iO) of angle 9 is defined as (pT^iiO, l)e^'''^). For U G r\{Bx,Tx}, 
there is a smallest integer A; > 1, such that fx'U — > T\ is a conformal map. The 
radial ray Ru{d) is defined as the pullback of Rt^{9) under 

Let I = {0, n, ±1, . . . , ±(ra — 1)} be an index set. = fl for A: G I and 
S'" = Ufcei\{On} ^k- "^^^ points with orbits that remain in under all 

iterations of fx is denoted by A;^. Obviously, A;^ = nfe>o /A"''('^^)■ 
For any G I \ {0, n}, the map fx : int(<S'fe) — > T;^ is a conformal map; its inverse 
is denoted by hk : Tx — )■ int(S'fc). 

Given a point z G Ax, suppose fx{z) G Sg^ for /c > and define the itinerary of z 
as sx{z) = {so,si,S2,- ■ ■)■ The itinerary is always well defined in the set A;^ because 
if some iteration /^(z) lies on the boundary of two adjacent sectors, then the next 
iteration fx~^^iz) will lie inside 5*0 U S'„. 

Let S = {s = (so, si, S2, • • • ); £ I \ {0, ?^} for every > 0} be the space of one- 
sided sequences of the symbols ±1, . . . , ±{n — 1). For s = (sq, si, S2,- ■ ■) G S,and 
the shift map cr : E — t- E is defined by a{s) = (si, S2, ■ ■ •)■ If there is an integer p > 
such that Sk+p = Sk for all > 0, we say the itinerary s is periodic and the least 
integer p is called the period of s. In this case, s is also denoted by (so, • • • , Sp-i). 
It is obvious that sa(/a(^)) = a{sx{z)) for z G A^. 

Lemma 2.4. The set Ax is a Cantor set, and the itinerary map sx ■ Ax T, is 
bijective. Moreover, Ax C J{f\)- 

Proof. First, note that for any A G ^, S*^ is a compact subset of T^. With respect to 
the hyperbolic metric of and by the Schwarz Lemma, there is a number 5 G (0, 1) 
such that for any s = (sq, si, ^2, • • • ) G S and any m > 0, 

Hyper. diam(/iso ° • • • ° ^s^iS'')) < Hyper.diam(S"') • 5™. 

Thus, nfc>o ^so o • • • ° hs^{S'") consists of a single point, say Zg- Therefore, A^ is 
a Cantor set, and the map Sx '■ Ax ^ T, defined by Sx{zs) = s is bijective. 

When s = (sq, ■ ■ ■ , s^-i) G S is a periodic itinerary of period m, then Zg is a fixed 
point of /i = /i^o o • • • o hs^_,. Because h : int(5^) ^ /i(int(5'')) C int(5J'J d int(5^) 
is strictly contractive, it follows by the Schwarz lemma that the fixed point Zg is 
attracting. Therefore, Zg is a repelling periodic point of fx- 

To show Ax C J {fx) J it suffices to prove that any point of A^ can be approximated 
by a sequence of repelling periodic points in A^. Suppose z G A^. For any e > 0, 
there is an integer m > such that Hyper. diam(5'') ■5'^ < e. Take a periodic 
itinerary s G S with first m symbols that are the same as those of sx{z). (Notice 
that such an itinerary always exists.) Because the map is bijective, there is a 
unique point u) G A^ with sx{w) = s. The hyperbolic distance between z and w is 
smaller than e. The previous argument implies that w is periodic and repelling. □ 
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3. Cut Rays in the Dynamical Plane 

In this section, we will construct the 'cut ray', a type of Jordan curve that cuts 
the Julia set into two different parts. The construction is due to R. Devaney [6|. We 
give some additional properties that will be used in our paper. 

We first construct a Cantor set of angles on the unit circle and use these angles 
to generate 'cut rays' as in [6]. These angles can be considered as a combinatorial 
invariant when the parameter A ranges over T-L. 

To begin, we identify the unit circle S = M/Z with (0, 1]. We say that three angles 
satisfy ti <t2 < on S if ti,t2,t3 are in counterclockwise order. 



3.1. A Cantor set on the unit circle. In the following, we construct a subset O 
of (0,1]. The set is a Cantor set and is used to generate 'cut rays' in the next 
section. 

First, define a map r : (0, 1] (0, 1] by r(6') = nO mod 1. Let Gfc = ^] for 
< /c < n and e_fc = 6^ + ^ for 1 < A; < n - 1. Obviously, (0, 1] = Ufcei ©fc- 
Define a map x ^ I ~^ N by 



X{k) = 
For A; G I, we have 




if < /c < n, 

if - {n-1) <k< -1. 



[J]=lQj, if x(fc) is even, 
^Uj=i if Xik) is odd. 



For 6 E (0, 1], suppose r^(0) € O^^. for > and define the itinerary s(^) of 9 by 
s{e) = (so,si,S2,---)- 

Let be the set of all angles 6 G (0, 1] with orbits that remain in £ = \J^zl{Qk U 
Q-k) under all iterations of r. The set can be written as G = P|^,>g t~''(i?) = 
f\j^^QT~^{£). One can easily verify that is a Cantor set. 

The image of under the itinerary map is denoted by Sq = {s(^);^ G 0}. 
One can easily verify that Eg is a subspace of S that consists of all elements s = 
(sq, Si, S2, • ■ ■ ) € ^ such that for A; > 0, if xi^k) is even, then s^+i G {1, • • • , n — 1}; 
if xisk) is odd, then Sk+i G {-1, • • • , -(n - 1)}. 

The itinerary map s : — Sq is bijective because for any s = (sq, si, S2, • " " ) ^ ^O; 
the intersection nfc>o (®Sfc) consists of a single point. In the following, we first 



construct an inverse map for s (Lemma 3.1). 



Let s = (so, si, S2, • • • ) ^ ^- We define a map k : S — )• (0, 1] by 

^ fc>i 

Lemma 3.1. k(S) = and k(s(6I)) = 9 for all 9^9. 

Proof. First, we show k{s{9)) = for 6* G 0. Let 8(6*) = (sq, si, S2, • • • ) and 9 
k(s{9)). Because s : — )• Eq is bijective, it suffices to show that s(9) = s{9). 
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It follows that 9 E Qso because 




x(go) ^ ^ < 1 1^ x(-'^o) , n-l \ ^ xjso) Jl_ 

2n ~ 2[ n ^ n^+^ I 2n 2n' 

^ k>l ^ 



2(x(so) + Nil H h |sfc-i|) + \ Y.j>k J-k+i » if is odd, 

^ + \ Ej>fc ^^OT , if ^ is even. 

= (so, si, S2, • ■ ■ ) £ we have for j > 1, 

^ Rlxlsi) -x(si-i)) mod 1, if n is odd, 
2 1 5X('Sj) mod 1, if n is even. 



and 



Thus, we have 



^ — = — mod 1. 

2 2n 2n 



fc/flN X(gfc-i) , 1 Xjsk) , 1 



2 ^ nJ-^+i 2n 2 ^ nJ-'^+i ' 

j>k j>k+l 

This means r'^(^) E 0^^. for A: > 1. Therefore, and ^ have the same itinerary. 

In the following, we show = Q. First, by the previous argument, = 

k(So) C Conversely, for any s = (sO) •si, S2, • • • ) E S, there is a unique 

sequence of symbols ei,e2,--- E {±1}, such that s* = (sq, eisi, 62^2, • • • ) E Sq. 
Thus, k;(s) = k(s*) E 9. □ 

Remark 3.2. For any s = (sq, si, S2, • • • ) E S, one can verify that 

n'^{n{s)) = {(so, ±si, ±S2, •••)}• 

Lemma 3.3. The set © satisfies: 

1. r(G) = e. 

2. e + i = e. 

5. Periodic angles are dense in Q. 

Proof. 1. It is obvious that t(G) C 0. r is surjective because t^^{9) nf 7^ for all 
E G. 

2. First note that £ + ^ = £ mod 1. For /c > 1, because t''{9 + ^) = t^{9) when 
n is even and r'^(0 + |) = t^{9) + ^ when n is odd, we have t'^(6' + ^) E £" if and 
only if T^[9) E £. Thus, E Q if and only if + ^ E G. 

3. Let ^ E Q with itinerary s{9) = (sO) •si, -52, • " " )• -l^or any A; > 1, either 
(so, • • • , Sk) E Ho, or there is a symbol s\^i E {itl,--- ,±(n — 1)} such that 
(so,-- - ,Sfe,4+i) e 5]o. If (so,-- - ,Sfc) G So , let 6*^ = k((so,--- ,Sfc)). Else, let 



^fc = k((so,-- - , Sfc, s|._^-^)). It's obvious that 9^ is periodic. By Lemma 3.1, 6*^ E G 
and 

|0 - Ok\ < C{n)n-''{ ^0 as A: ^ 00), 

where C(n) is a constant, depending only on n, which implies that periodic angles 
are dense in Q. □ 
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Remark 3.4. The Hausdorff dimension of Q is 



log(n-l) 



For XgV. and kel, let 6^ = + 5£g^W = + ^ mod 1. Recall that for 
X ^ H, arg A G (0, :,^)- It is easy to check that 



U"=i 0j , if x{k) is even, 
U"=ie^^., if x(A:) is odd. 



Again, we define @^ as the set of all angles in (0, 1] whose orbits remain in £^ = 
Ufc=J(0fc U e^;.) under all iterations of r. Thus, = nfc>o r-'^iS^). For 6 G (0, 1], 
suppose t''{6) G 0^^ for A: > and define the itinerary of 9 by s'^(0) = (so, si, S2, • • • )• 
It is easy to show that the itinerary map s"^ : 0'^ — )• Sq is bijective. 

Lemma 3.5. 6^ = 6 and for any 9 £ Q, s^{9) = s{9). 

Proof. It suffices to show that if s'^(q;) = s(/3) for a G 0'^ and /3 G 0, then a = (3. 

First, note that B^n0,fc 7^ for any k £l. Suppose s^{a) = s(/3) = (sq, si, S2, • • • ), 
and let = r\o<k<m '^ '^ (^s^ ^ ®Sk) m > 0. By induction, we see that 
Am is a connected interval of the form {am,bm] with am+i > am,bm+i < bm and 
n{bm+i - flm+i) = bm-am for m > 0. Thus, Am+i C Am+i C Am and nA:>o ^rn = 
C\k>o consists of a single point, say 9. On the other hand, 

{9}=f]Am=[f] r-Hei)) n ( n = {a} n {/3}. 

fc>0 fc>0 fc>0 

Thus, we have a = 13 = 9. □ 

3.2. Cut rays. In this section, for any X £ Ti and any G ©, we will construct 
a Jordan curve, say il^, that cuts the dynamical plane of fx into two parts. The 
curve will meet the Julia set J{f\) in a Cantor set of points. This kind of Jordan 
curve will be called a 'cut ray' of angle 9. In the following, we construct such 
rays following a slightly different presentation from Devaney's in [g]. 

Recall that the itinerary map s\ : A\ ^ Ti from a Cantor set onto a symbolic 
space is bijective. We first extend the definition of sx to a larger set. Let Ex = 
f]k>o /A''^(Ujei\{o n} '^j) of points in the dynamical plane with orbits 

that remain in |Jjgj\^|g ^j. Sj under all iterations of fx- By definition, Ex is a compact 

subset of C containing and 00. The assumption X £ H implies that Ex contains 
no critcal points other than and 00. 

Let Ox = ^k>ofx^{oo) be the grand orbit of 00. The map sx ■ Ax ^ T, can be 
extended to sx : Ex \ Ox ^ ^ as follows: for any z £ Ex\Ox, suppose fx{z) £ Ss^ 
for k > 0; the itinerary of z is then defined by sx{z) = {sq, si, S2, • One can 
see that the map sx : Ex\ Ox ^ is well-defined. (In fact, if fxiz) lies on the 
intersection of two sectors, then f^~^^{z) will land on the critical value ray). 

Given an angle 9 £ Q with itinerary s{9) = {so,si,S2,- ■ ■), it is easy to check 
that when n is odd, s{9 + 1/2) = {—sq, —si, —S2, ■ ■ ■) = — s(0) and that when n is 
even, s(^ + l/2) = (— sq, si, S2, • • • ). We consider the set of all points in Ex\Ox with 
itineraries that take the form (sq, ±si, ±S2, • • • )• The closure of this set is denoted 
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by w^: 

oji = {zeEx\ Oa; sa(z) = {sq, ±si, ±S2, ■■■)} = {z e Ex\Ox;k{sx{z)) = 9}. 
According to Devaney, the set is called a 'full ray' of angle 6. Let $7^ = 

U uj^^^^"^; we call the set fi^ a 'cut ray' of angle 9 (or 9 + 1/2). One may verify 
that 

S^A = {z&Ex\ Ox; sx{z) = (±so, ±si, ±^2, • • • )} = fl fx'^i^s, U 5_,J. 

fc>0 

We first give an intuitive description of the cut ray Q^. For m > 0, let 

0<k<m 

Note that the set ^ union of the two closed sectors Sgg and S^so- ^a i 

is a string of four closed disks that lie inside f^AO- Inductively, ^ is a string 
of 2'"+^ closed disks that are contained in f^Am-i' ^^'^ each of these disks meets 
exactly two others at the preimages of oo. Hence, ^ is a connected and compact 
set. One can show that 17^ ^ converges to Jl^ = nk>o^x k ™ Hausdorff topology as 
m — )• oo (because a shrinking sequence of compact sets always converges in Hausdorff 
topology). Roughly, the set f]^ ^ becomes thinner when m becomes larger and $7^ ^ 
finally shrinks to QP^^. It is therefore conjectured that is a Jordan curve. (A 



rigorous proof of this fact will be given in Proposition 3.9) 
By construction, the cut ray satisfies: 



Vr^ \ {0, oo} is contained in the interior of Sg^ U S- 
/a : — )• f^A^^^ is a two-to-one map. 



so- 



Lemma 3.6. Let A G %; then, there is a constant v > such that for any 9 £ Q, 
Rx{9) n U(^) = {zeExn U{v); sx{z) = s{9)}. 

Proof. For any smah number e > 0, we define 6^^^ = + ^^^8r^ + i^-'^]> 

Sk,e = {2 G 5fc \ {0,oo};arg2; G G^^} U {0, 00} for /c € I \ {0,n}. It is obvious that 
Sk,e is a closed subset of Sk. One can verify that there is an e > such that 
0' = a>o r-HUlZli&is U e\,)) and Ex = n,>o fx'H^imn} S,,e)- Thus, for 
any G e with s{9) = {sq, si, • • • ), the cut ray n{ = nfc>o fx''(Ss,,e U We 
fix such e (notice that e is independent of G O). 

Because (j)'x{oo) = 1, we may choose v = v{e) large enough such that jargz — 
aTg(px{z)\ < £ for all z G U(?j). We define a map ( : U(u) — ^ S by C{z) = ^^S^lW, 
The map ( satisfies C ° fx = t ° C- 

If z £ Rxi9) n U(t>) and z / 00, then for any k > 0, arg (/)a(/a (2)) G Qsk,e- We 
conclude that arg/^(z) G 0g^. Or, equivalently, f^{z) G Ss^. for all A; > 0. Thus, 
sx{z) = s{9). 

On the other hand, for any 00 7^ z G -Ea H U(f ) with Sx{z) = s{9), we know from 
the above that f^{z) G Ss^,e for aU k >0, thus arg/^(2;) G @Sk,e- I* turns out that 
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SiTg(l)xif^iz)) = t''{C{z)) £ G^^. By Lemma 3.5 s^{C{z)) = s{e) = s^{e). Thus, we 



have C{z) = 0; this means z G R\{9) D V^v). □ 

Proposition 3.7. For any X £ H and any 6 £ @, the external ray Rx{9) lands at 
a unique point p\{6) G dB\ and R\{9) = {z £ E\ \ Ox; s\{z) = s{d)} U {oo} = {z G 
{Ex \ Ox) n Bx; sxiz) = s{e)} U {px{e)} U {oo}. 

Proof. Suppose s(^) = (sq, si, S2, - • • )■ Let ixi^^, 0) = {z £ Rx{d)'i v < Gx{z) < nv} 
be the portion of Rxi^) that hes between two equipotential curves e{Bx,v) and 
e{Bx,nv). Based on Lemma 3.6, we can assume v large enough such that for any 
/3 G e, n Uiv) = {z£Exn Viv); sx jz) = s(/3)}. By pulhng back ixiv, t{9)) 

by f^^ to SsQ, we can extend the portion of Rx{0), say 70 = RxiO)ri\J{v), to a longer 
one 71 = hsy{ix{v, t{6))) U 70. Obviously, 71 C n Rx{d). Continuing inductively, 
suppose we have already constructed a portion 7^ of Rx{6)', we then add a segment 
hsoo- ■ ■ohs^{£x{v,T''~^^{e))) to7fc and obtain 7fc+i = jk^hsoO- ■ ■ohs^{£x{v,r''+ ^{e))) . 
By construction, one can confirm that hs^ o • • • o hsf,{ix{v, t^^^{0))) C Ssq H Rx{0), 
and that for any z G /isg o • • • o hs^ {£x{v, t^~^^{6))), sx{z) = {sq, si, S2, • • • ). It turns 
out that 

Rx{0)\lo=\Jhs,o...o hs,{lx{v,T^^\9))). 

k>0 

In the following, we show that the external ray Rx{d) lands at dBx- Because 
hk ■ Tx ^ Tx contracts the hyperbolic metric px of T;^ for any k £l\{0,n}, there 
is a constant 5 G (0, 1) such that 



Px{hk{x),hk{y)) < 6px{x,y), Vx,y G ^{nv) n ( ^jei\{o,n} Sj),yk G I\ {0,n}. 

Notice that UaG0 ^a(^^5 «) = ExCi {z G Bx;v < Gx{z) < nv} is a compact subset 
of T;^, with respect to the hyperbolic metric of T;s^ we have 

Hyper.length(/i,„ o • • • o hs,{lx{v,T''+\e)))) = 0{6^). 

This implies that Rx{0) \ 70 has finite hyperbolic length in T;^; thus, the external 
ray Rx{d) lands at dBx- Let px{&) be the landing point. It is easy to confirm that 
^\{P\{G)) = 8(6*) and px{0) G dBx n Aa. Thus, we have 



Rx{e) C {z£{Ex\0x)r^Bx;sx{z) = s{e)}yj{px{9)}\J{^} 
C {zG^a\Oa;sa(2) = s(0)}u{oo} 



Finally, we show Rx{9) D {z G £'a \ Ox] sx{z) = s{9)} U {00}. For any x £ {z £ 
Ex\Ox; sx{z) = s{0)}, we consider the orbit of x. 

If the orbit of x remains bounded, then based on Lemma |2.4[ we have x G Aa. 
Because sa|aa : Aa — >• S is bijective and SA(a;) = sa(pa(^)) = we conclude 

x=px{9)£lhj9). 



If the orbit of x tends toward 00, then by Lemma 3.6 there is an integer M > 1 
such that f^{x) £ Rx{t^^{9)). Note that for any j > 0, the above argument implies 
Rx{t^{9)) C Ssy Because fx{Rx{r''-^{9))) = Rx{t^{9)) and is the inverse 

branch of / : int(S's^ ^) — )■ Ta, we conclude that for all A: > 1, hs^_^{Rx{T''{9))) = 
Rx{t^-^{9)) and (/^(x)) = f^'\x). It turns out that x £ Rx{9) and Rx{9) D 
{z£ Ex\Ox]Sxiz) = s{9)}U{oo}. □ 
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itinerary (« even) 
{Sq, ij, S2, Sj, s^, ...) 

(^Q, 5j, S2,-S^, S^, ...) 

(Sq, Si,-S2,-S2, ^4, •••) 

(Sq, ^1,-^2' ^3' •^4' •■■) 

(^O'"-^! '"'^2' ^3' -^4' •") 



itinerary (n odd) 

{Sq, 5|, ij. -53' -^4' 




(jg.-^Si , ^2,-^^, ^4, ...) 

, '^3' ^4' •••) 



A 



Figure 3. Combinatorial structure of a full ray with s{9) = (sq, si, S2, ■ ■ ■)■ 

Proposition 3.8. For any A € H and any 9 £ Q with itinerary s{9) = {sq, si,S2,- ■ ■), 
the cut ray 0^ satisfies: 

1. meets the Julia set J{f\) in a Cantor set of points. More precisely, $7^ n 
J{fx) = {>^os>^U,r\{9,9 + \}). 

2. meets the Patau set F{f\) in a countable union of external rays and radial 
rays together with the preimages of 00 that lie in the closure of these rays. More 
precisely, 

ninBx = Rx{9)uRx{9 + ^)u{<^} 

(h^soiRx{ri9))) U hs,iRxiT{e) + D) U {0}, ifn is odd, 

\hs,{Rx{T{9) + \)) U h_so{R\{r{e) + \)) U {0}, ifn is even. 

For anyU £V\ {Bx,Tx} with U n n{ ^ U is of the form /i;,^ o • • • o hb^^_^ (Tx), 
where k > 1 and {bo, ■ ■ ■ , b^-i) G {(±soi " " " > i-Sfc-i)}- Moreover, 

ninu = hoO---oh,_,{nf^'^nTx) 

h,o...o hb,_, (h^s,{Rx{T^+Hm U hs,{Rx{T''+HO) + i)) U {0}), ifn is odd, 

h,o...o hb,,, (/i_,,(i?A(r^+H^) + 5)) U /i.,(i?A(r'=+H^) + 5)) U {0}), ifn is even. 

See Figure 3 for the combinatorial structure of a part of a cut ray. 

Proof. 1. For z G ft^^, first note that z G n J{fx) if and only if the orbit of 
z remains bounded, if and only if z G Aa and sx{z) G {(itso, ±si, ±S2, • • • )} = 
K-\{9, 6 + i}). Thus, we have n J(/a) = {k o saUJ-^I^, ^ + 5})- 

2. Let U he a Fatou component such that UnO.^^ 7^ 0. Then, by 1, U is eventually 
mapped onto Bx- 
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1/4 




3/4 



Figure 4. Cut rays with angles 1/4, 1/3, 1/2 when n = 3. 



Case 1: U = B^. By Proposition 3.7, VL{r\BxZi Rx{0) U Rx{e + 5) U {00}. 



On the other hand, for any z G (fi^ H B\) \ {00}, there is an integer M > 1 such 

Because 



3.6 



that f^{z) e U(v), where v is a positive constant chosen by Lemma 
sa(/a^(-z)) £ {(isM; isAz+i, isAf+2i ■■')}; '^^ Conclude that the itinerary of 
must be the same as that of some angle f3 £ Q. Thus, 



Ml 



SA(/rw) 



{sm, SM+1, SM+2, ■ ■ ■) OT { — Sm, —SM+1, —SM+2, 
{sm, SM+1, SM+2, ■ ■ ■), 



if n is odd, 
if n is even. 



3.7 



z) G 



Case 1.1. n is odd. By Proposition 

Note that /;^i(^A(r*^(^)))n(5,,,_,US_,^, 

I)) n iSs,,_, U S^SM^i) nBx = Rx{T^^-\e) + \). We conclude that f^-^ 
Rx{T^^-\e)) U Rx{T^^~^{e) + \). It turns out that z G Rx{e) U Rx{e + 
induction. So in this case, n{nBx = Rx{9) U Rx{6 + 2) U {00}. 

Rx{t^\0)). Because 



,)ni?A = Rx{r^-\e)), f^\Rx{r^{e)+ 



by 



Case 1.2. n is even. 



By Proposition 



3.7 



Ml 



f^\Rx{r^'{e)))n{Ss,,_,US.SM-i)(^Bx = Rx(P^-\e))yjRx{T^-\e) + \), we have 
f^-\z) G Rxir'^'-He)) U i?A(r^'-n^) + \)- If M = 1, then z G iiA(0) U i?A(e + \). 



Again, by induction. 



and the proof is done. If M > 1, then we claim (z) G Rx{t^^ ^(^))- This is 

because /^-ni?A(T*^-H^) + 5)) ^ (5sm_2 U n i^A = 

we have z G -Ra(^) U + 5) in this case. 

Case 2. U = Tx- In this case, if n is odd, then /a(0^ n Ta n Sso] 



Bx n = Rx{T{e) + i) u {00} and fxi^l n ^a n 



J7 



r(e) 



I7f ) n 



n Sa n 



i?A(r(0))U{oo}. Sol7^nrA = /i_.o(i?A(r(e)))U^,o(i?A(r(0) + i))U{O};ifniseven, 
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So ninTx = hs„{Rx{T{e)) + u h^so{Rx{r{0) + ^)) u {o}. 

Case 3. U £ V \ {Bx,Tx}. In this case, there is a smallest integer k > 1 
such that f^iU) = Tx- Because : U — > is a conformal map and for any 
< j < k — 1, fx{U) lies inside some sector S^^, we conclude U must take the form 
hboO---o hb^_^{Tx) for some {bg, • ■ • , bk-i) G {(±so, ■ ■ ■ , ±Sk-i)}. By pulling back 

f^{u n ni) = nf^''^ n Tx via we have n^nu = h,o...o h,_,inl'^'''^ n Tx). 

The conclusion follows by case 2. □ 
Proposition 3.9. For any X^T-L and any 9 £ Q, the cut ray is a Jordan curve. 
Proof. Suppose s{6) = (sq, si, S2, • • • )• For k >0, define 

0<j<k 





Figure 5. The cut ray union with the shadow regions is (resp. 

fe+i)- '^^^ components of C — (resp. C — $1^ ^^j^) are 
and (resp. D+^i and D'^^) . 

The set ^ is connected and compact, and it contains Q^^. It is easy to check that 
^Xk ^\ fc+i nA;>o ^\ k ~ following discussion, we can assume k is 

sufficiently large that j^. avoids the critical values u J . Let be the component 
of C \ ^ that contains and D'j^ be the component of C \ fi^ ^ that contains . 
Let D+ = Ufc>o and D' = U,>o ; then, D+UD;,U n{ = C. 

We first construct a Cantor set on S = R/Z. Let = (5/24, 13/24), E'2 = 
(17/24,25/24) be two open intervals on S and ( be the map t ^ 3t mod Z. By 
definition, C(^i) 3 ^lU^s- Let Tfe = no<i<fc C"^(^i U E2). Then, D T^+i 
and Tj. has 2*^+^ components. The intersection nfe>o-^fc denoted by Too. Because 
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Too = nfc>oC"^(^i U E2) = nfc>oC~^(-Si U E2), we conclude that Too is a Cantor 
set. 

Now, we define two sequences of Jordan curves {7^ : S — )• dD^}, {7^ : § — >• dD^} 
in the following manner: for k large enough, 

1- 7A:+ll§\Tfe = 7fc \s\Tk = 7fc ls\Tfe = 7fc+il§\Tfe- 

2. 7fc+(s \ n) = nin dD+ = nin dD- = 7- (s \ r,). 

3. ^^Tk) = dDt \ nl j,{Tk) = dD^ \ ni 

In the following, we show that each sequence of maps {7^ : S — )• dD^}, {7^ : 
S — )■ dD^} converges in the spherical metric. By construction, 7fc'_|_il§\Tfc = 7fc'l§\Tfc5 
and for any component W of T^, ^^j^i{W) and 7^(VF) are contained in the same 

component of no<j<fc fx'^i'^sj ^ ^-Sj)- Because the spherical metric and the hyper- 
bolic metric are comparable in any compact subset of Tx, we conclude by Lemma 
that 

dist^(7++i(t),7fc+(i)) = 0(5'), 



max 



where distj^ is the spherical metric and 6 G (0, 1) is a constant. Thus, the sequence 
{7j^} has a limit map 7^^ : S — t- dD^ that is continuous and surjective. Similarly, 
the sequence {7^} also has a limit map 7^ : S — dD^ that is continuous and 
surjective. The hmit maps 7+ and 70^ satisfy 7cil§\T^ = 7^I§\T«,- By continuity, 
7+ and 7^ are identical on S. This implies that = dD^ = 17^ and is 

locally connected. 

To finish, we show that $7^ is a Jordan curve following the idea in 24 . Let 
$ : D — >■ L)+ be a Riemann mapping. Because dD^ is locally connected, ^ has 
an extension from D to D^. If two distinct radial segments $((0, l)e^'^*^^) and 
$((0, l)e^'^*^^) converge on the same point p, then the Jordan curve $((0, l)e^'^*^^) U 
^>((0, l)e^'^*^2^ y {<I)(o),p} separates a section of the boundary dD^ from D^. But 
this is a contradiction because D'^ and share a common boundary. □ 

Proposition 3.10. For X £ Ti and G 0, all periodic points on 17^ n J{f\) are 
repulsive. 

Proof. Suppose s(^) = (sq, si, S2, • " " )• Let 2; G n J(/a) be a periodic point 
with period p. The itinerary of z is then of the form (oq, ai, • • • , flp-i), where 
aj G {±Sj} for < i < p - 1. Let ak = ak mod p for A; > and S^^...^^ = 
r\o<k<s fx^i'^a.k)- By Lemma 2.4, the hyperbolic diameter of S^^...^^ is 0{6^) when 
s is large. We can therefore choose an N sufficiently large that : mt{S^g — )• 

■■ajv_„) ^ conformal map. Because z G iiit(5'^|j...Q^) C 

^ao-a^ C int(5,-„. 

■■ajv-p)' conclude |(/^)'(2)| > 1 by the Schwarz Lemma. Thus, 
z is a repelling periodic point. □ 



Proposition 3.8 tells us the combinatorial structure of the cut ray The follow- 
ing proposition shows that the iterated preimages of 0^ have the same combinatorial 
structure as 17^ provided that does not meet the critical orbit. 

Proposition 3.11. For A G and 9 ^ Q, suppose the cut ray ^''^s not meet the 
critical orbit. Then, for any a G \^i^>qT~^{0), there is a unique ray uj'^ such that: 
1. oj" is a continuous curve connecting with 00. 
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2. u^l^^l'' = -ul. 

3. /aK) = l.I^"^Ul.I("^+'/'. 
^. w^n^A = ^A(a)U{oo}. 

For this reason, we still call cj" a full ray of angle a and $7" = U (^^^"'^'''^ a cut 
ray of angle a (or a + j)- 

Proof. The proof is based on an inductive argument. Suppose a S [jk>o'^ ''i^) 
an angle such that the full ray cj" and the cut ray 0° satisfy 1,2,3,4. Then, for 
(3 G r~^(a), we define by lifting 17" in the following way: 

The ray oj^ is unique because we require oj^DBx = R\{(3)U{oo}. Also, by uniqueness 
of lifting maps, we conclude ^^^'^'^ = — by the fact R\{(3 + 5) = —Rx{/3) and 

In the following, we show that connects 00 and 0. If not, then cj^ must be a 
curve connecting 00 with itself, hence a Jordan curve. This implies that co^ does not 
meet 0. Because = -Q'^, all curves in the set C = {e'=''*/"a;f , Hx{e'''''/''uj1);0 < 
k < 2n} are preimages of fi", where H\(z) = ^/X/z. Because does not meet the 
critical orbit, we conclude that for any 71, 72 € C with 71 / 72, 71 and 72 are disjoint 
outside {0,00}. This means = 4n. However, this is a contradiction because the 
degree of fx is 2n. □ 

Recall that for any 6 £ Q with itinerary s{9) = {sq, si, S2, • ")j the cut ray 
fi^ contains at least two points, and 00, and 0^ \ {0, 00} is contained in the 
interior of Sg^ U S^sq- Now, given two angles a,/3 G with $7" / il^, suppose 
s(a) = (sg , s", S2 , • • • )' ^iP) = ('^o ) ■Si 5 S2 ' ■ ■ ■ )• Let J(a,/3) be the first integer 
k > such that | | 7^ \s^\. Note that the intersection n consists of at least 

two points and 00. Furthermore, if J(a,/3) = 0, then ri" n fi^ = {0,oo}. The 
following proposition tells us the number of intersection points in the general case. 

Proposition 3.12. Let a,/3 E with 7^ ft^; then, the intersection fi" n 
consists of 2''(°'^)+-'^ points. 

Proof. We consider the orbit of fi" H under fx'. 

Note that for any < A; < J(q,/3) - 1, /a : 0^'^°^ n fif ^''^ ^ O^'^'^"^ n 17^'^'^^^ is 
a two-to-one map; thus, we have 

#(0^nO^) = 2#(0^(")nO^(^)) = • • • = 2J("'«#(of "•'^("^nJ^f"'"^'')) = 2J("'«+i. 



□ 



Remark 3.13. From the proof of proposition 3.12, we know that any two distinct 



cut rays 17? and fif intersect at the preimages 0/00. More precisely, 12" n 12^ C 
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Uo<fc<J(a /3)+i fx ^i'^)' ^'^^ /''^ 2 < A; < 3{a,P) + 1, the intersection 0° n n 
/a ^■'(0) consists 0/2*^^^ points. 

4. Puzzles, Graphs and Tableaux 

4.1. The Yoccoz Puzzle. Let Xx = C\{z £ Bx;Gx{z) > 1} = V(l). Given N 
periodic angles ^1, • • • ,0^ that lie in different periodic cycles of 0, let 



fc>0 



Obviously, g\{Oi, • • • , 9^) is /^-invariant. The graph Ga(^i, • • • , Ojy) generated by 
^1, • ■ ■ ) ^Af is defined as follows: 

,eN) = dXxu(xxngx{ei,--- ,0n) 



The Yoccoz Puzzle induced by the graph Ga(^i,-- - ,Oiy) is constructed in the 
following way. The Yoccoz Puzzle of depth zero consists of all connected components 
of Xx \ Gx{Oi, • • • , 6j^), and each component is called a puzzle piece of depth zero. 
The Yoccoz Puzzle of greater depth can be constructed by induction as follows: if 

(1) (m) 

, • • • , are the puzzle pieces of depth d, then the connected components 
of the set fx^i^d^) the puzzle pieces Pjf^i of depth d + 1. One can verify 
that the puzzle pieces of depth d consist of all connected components of f^'^{Xx \ 
Gx{Oi, • • • , Gn)) and that each puzzle piece is a disk. 

In applying the Yoccoz puzzle theory, we should avoid a situation in which the 
critical orbits touch the set Ga(^i, ■■■ ,9n)- If the critical orbits touch the graph 
Gx{0i, • • • , On)i we say the graph Gx{0i, • • • , On) is touchable. In this case, we can- 
not find a sequence of shrinking puzzle pieces such that each piece contains a critical 
point in its interior (that is to say, we cannot find a non-degenerate critical annulus 
that plays a crucial role in the Yoccoz puzzle theory). For this reason, because there 
are infinite periodic angles in B, we can change the A^-tuple (^i, • • • , ^iv) to another 
A^-tuple {9[, - ■ ■ , to make the graph not touchable. 

Let Jo be the set of all points on the Julia set J (fx) with orbits that eventually 
meet the graph Gx{9i,--- ,0n)- Then Jq = \Jk>o fxHGx{9i, ■ ■ ■ ,0n) n J(/a)). 
For any z £ C \ {Ax U Jq), there is a unique sequence of puzzle pieces Po{z) D 



Pi{z) D P2{z) D ■ ■ ■ that contain z. By Proposition 3.10, if fx has a non-repelling 
cycle in C, say C = {z, fx{z), • • • , f'xi^) — then this cycle must avoid the graph 
Gx{9i, • • • , ^at). This implies that C C C \ (tIa U Jq). Thus, for any d > and any 
X G C, the puzzle piece Pd{x) is well defined. 

Lemma 4.1. Suppose the graph Gx{9i, ■ ■ ■ ,9^) is not touchable, then for any z € 
C \ {Ax U Jo), the puzzle pieces satisfy: 

-Po{z) = Po{-z)- u;Pd{z) = Pd{ojz), 6^2- = 1, d>l. 
Proof. By the definition of the graph Ga(^i, • • • , 9n) and the symmetry of the Green 



function Gx '■ Ax ^ (0,-|-c«] (see Lemma 2.1), we have Xx \ Gx{9i 



-Xx \ Gx{9i, • • • , 9n)- Thus —Po{z) = Po{—z). Suppose that for some d>0, 

fx 



fv\Xx \ Gx{9u • • • , 9n)) = -fx\Xx \ Gx{9i, • • • , ^^v)). 
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Figure 6. A graph with Yoccoz puzzle to depth one (n = 3 and 
Ga = Ga(1/2)). 

Because fx{u}z) = ±fx{z) and Gx{ujz) = Gx{z), we have fx{z) € K'^iXx \ 



Gx{Oi,--- ,0n)) if and only if /a (l^z) G f^\Xx\Gx{ei,- ■ ■ ^On)). Thus 

/;("+^)(Xa \ Gx{9^, • • • , On)) = u^fx^''^'\Xx \ Ga(0i, • • • , 9n))- 
The conclusion follows by induction. □ 

Lemma 4.2. Suppose the graph Gx{0i, ■ ■ ■ , On) is not touchable, then for any d >0 
and any puzzle piece Pd of depth d, the intersection D J{fx) is connected. 

Proof. It is equivalent to prove that every connected component of C \ {Pd n J(/a)) 
is simply connected. Because the Julia set J(/a) is connected, every component of 
C \ {Pd n J {fx)) that lies inside Pd is simply connected. Therefore, we only need 
to consider the components of C \ {Pd n J{fx)) that intersect with dPd- Note that 
the puzzle piece Pd is bounded by finitely many cut rays, say ,^1% together 

with finitely many equipotential curves e{Ui,v), ■ ■ ■ ,e{Ut,v). By the structure of 



cut rays (Proposition 3.8), there is exactly one component of C \ {Pd n J{fx)) that 



intersects with the boundary dPd- This component is the union of C \ Pd and 
countably many Fatou components that intersect with the cut rays fl^^ ^x" • 
Thus, it is also simply connected. □ 

4.2. Admissible graphs. Given the point z £ C \ {Ax U Jq), the difference set 
■^d{z) = Pd{z) \ Pd+i{z) is an annulus, either degenerate or of positive modulus. 
Here, d is called the depth Ad{z). For d> 1 and c S Ca, the annulus Ad{z) is called 
off-critical, c-critical or c-semi-critical if Pd{z) contains no critical points, Pd+i{z) 
contains the critical point c or Ad{z) contains the critical point c, respectively. 

Because the critical annuli play a crucial role in our discussion, we will devote 
ourselves to finding a graph such that with respect to the Yoccoz puzzle induced 
by such a graph, the critical annulus Ad{c) is non-degenerate for some d > 1. By 



Dynamics of McMullen maps 



20 



Lemma 4.1 , if some critical annulus ^^(c) of depth d > 1 is non-degenerate, then all 
critical annuli of the same depth are non-degenerate. The graph that satisfies this 
property is of special interest. 

Definition 4.3. We say the graph Gx{Oi, • • • , 9n) is admissible if it is not touchable 
and if with respect to the Yoccoz puzzle induced by Gx{6i,--- ,9n) there exists a 
non-degenerate critical annulus A(i{c) for some critical point c £ Cx and some depth 
d> 1. Otherwise, we say the graph Gx{Oi, ■ ■ ■ , 9^) is non-admissible. 

By definition, a non-admissible graph either is touchable or contains no non- 
degenerate critical annulus of depth greater than one with respect to its induced 
Yoccoz puzzle. In the definition of an admissible graph, we require that the critical 
annulus Ad{c) is non-degenerate for some depth d > 1 rather than d = because 
the puzzle pieces of depth zero have only two-fold symmetry and the puzzle pieces 



of depth greater than zero have 2n-fold symmetry (see Lemma 4.1) 



The following remark tells us that a graph may be non-admissible in some cases. 

Remark 4.4. There exist non- admissible graphs. For example, for any n > 3, 
suppose fx is 1-renormalizable at cq (see Section 5 for definition). Then, the graph 
Ga(1) is non- admissible because Ad{co) is degenerate for all depths d > 1 (see Figure 
6). One should note that Aq{ci) is non- degenerate and ^d(ci) = e^^^^ A(i{cq) is 
degenerate for all d > 1. 

However, even if non-admissible graphs exist, we can always find an admissible 
graph based on an elaborate choice. The aim of this section is to prove the existence 
of admissible graphs for n > 3. 

Proposition 4.5. For any n > 3 and any \ if fx is not critically finite, then 

there always exists an admissible graph. 



The proof is divided into three lemmas: Lemma 4.6, Lemma 4.7 and Lemma 4.8 
In fact, these lemmas enable us to prove much more: when n > 5, there always exist 
infinitely many admissible graphs /^+^( = /^( 'v^) or 'v^) = /^( 'v^) 

for some A; > 1). 

Lemma 4.6. When n = 2>, there exists an admissible graph except when the critical 
orbit of fx eventually lands at a repelling cycle of period one or two. More precisely, 

1. If neither Ga(1/4) nor Ga(1/2) is touchable, then at least one of the graphs 
Ga(1/4), Ga(1/2), Ga(1/4, 1/2) is admissible. 

2. //Ga(1/2) is touchable, then eii/ier Ga(1/4) is admissible or the critical orbit 
of fx eventually lands at a repelling cycle of period two. 

3. //Ga(1/4) is touchable, then eii/ier Ga(1/2) is admissible or the critical orbit 
of fx eventually lands at a repelling fixed point. 

Proof. First, note that 

1. In this case, the full rays w^^^ and decompose So into four domains: 
Di,D2,D3 and D4 (see Figure 7). If neither Ga(1/4) nor Ga(1/2) is touchable, 
then the critical orbit has no intersection with ^^x'^ U ^^a^^- 

We consider the location of the critical value v^; there are four possibilities: 
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Case 1: ^ Di. In this case, the annulus Aq{v^) = Po{v1^) \ Pi{v^) is non- 
degenerate with respect to the Yoccoz puzzle as induced by either of the graphs 
Ga(1/4), Ga(1/2) and Ga(1/4, 1/2). It turns out that the critical annulus Ai{c) is 
non-degenerate for all c G Cx. Thus, in this case, all the graphs Ga(1/4), Ga(1/2), 
Ga(1/4, 1/2) are admissible. 

Case 2: e D2. The annulus Ao{v^) = Po{v^)\Pi{v^) is non-degenerate with 
respect to the Yoccoz puzzle induced by the graph Ga(1/4). Therefore, all critical 
annuli Ai{c) are non-degenerate. Thus, the graph Ga(1/4) is admissible. 

Case 3: D3. The annulus Aq{v^) is non-degenerate with respect to the 

Yoccoz puzzle induced by the graph Ga(1/4, 1/2). Therefore, all critical annuli 
Ai{c) are non-degenerate, and the graph Ga(1/4, 1/2) is admissible. 

Case 4: G D^. Based on an argument similar to that used above, we conclude 
that the graph Ga(1/2) is admissible. 

2. In this case, the graph Ga(1/4) is necessarily untouchable. First, note that the 

cut ray ri^^"^^ decomposes il^^ into four parts: Q,\^'^{2,2), Q}^^'^{2, —2), Q^^^'^{—2,2) 
and 2,— 2), where 

n\^\eo, ei) = {z G \ Ox; sx{z) = (eo, ei, ±2, ±2, • • • )}, eo, ei = ±2. 

Moreover, for any z G (0^^(2,2) U 0^^/^(-2, -2)) n J(/a), the annulus Ao{z) is 
non-degenerate with respect to the Yoccoz puzzle induced by the graph Ga(1/4). 
Because Ga(1/2) is touchable, there exist an integer p > 1 and a critical point 

1 /2 

c G Ca such that /a(c) G 0^ . Consider the itinerary of /a(c), say sa(/^(c)) = 
(so, si, S2, • • • )• There are two possibilities: 
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Case 1. There is an integer n > such that = (2,2) or (—2, —2). In 

this case, f^^^ic) e (0^^/^(2, 2)uOi/^(-2, -2))n J(/a); thus, the annulus Ao{f^^''{c)) 
is non-degenerate. It turns out that the critical annulus An-\-p{c) is non- degenerate. 
Therefore, the graph Ga(1/4) is admissible. 

Case 2. For any integer n > 0, Sn+i) = (2, —2) or (—2, 2). In this case, either 
sa(/^(c)) = (2, -2, 2, -2, • • • ) = iX^) or SA(/f (c)) = (-2, 2, -2, 2, • • • ) = (=2;2). 



By Proposition 3.10, f^{c) lies in a repelling cycle of period two. 



3. The proof is similar to the proof of 2. In this case, the graph Ga(1/2) is 
necessarily untouchable. First, note that the cut ray ^^a'^^ decomposes into 
four parts: J^^^l, -1), 1), ^x^{-l, -1) and 1), where 



n'J\eo, ei) = {ze l^J/' \ Ox; sx{z) = (eo, ei, ±1, ±1, • • • )}, eo, ei = ±1. 

Moreover, for any z € U D J{fx), the annulus ^o(^) is 

non-degenerate with respect to the Yoccoz puzzle induced by the graph Ga(1/2). 

Because Ga(1/4) is touchable, there are an integer p > 1 and a critical point 
c G Ca such that /^(c) G ^a^^- Consider the itinerary of /a(c), say SA(/f (c)) = 
(so, si, S2, • • • )• There are two possibilities: 

Case 1. There is an integer n > such that = (—1, 1) or (1, —1). In 

this case, fx^^ic) E -Ipnl/'^i-l, l))n J(/a); thus, the annulus ylo(/r^^(c)) 

is non-degenerate. It turns out that the critical annulus An+p{c) is non- degenerate. 
Therefore, the graph Ga(1/2) is admissible. 

Case 2. For any integer n > 0, Sn+i) = (1, 1) or (—1, —1). In this case, either 
SA(/r(c)) = = (T) or sa(/^(c)) = (-1,-1,...) = (=1). By Proposition 

fx{c) is a repelling fixed point. □ 



3.10 



Lemma 4.7. When n = 4, i/GA(l/3) is not touchable, then Ga(1/3) is admissible; 
if Gx{^/3) is touchable, then Ga(2/3,1) is admissible. 

Proof. First, note that s(l/3) = (2,2,...) = (2), s(2/3) = (-1,-1,...) = (^) 
and s(l) = (-3,-3,...) = (=3). Thus, C S2 U S^2,^x^ C 5i U 5_i and 

Jlj^ C 5*3 U S'-a (see Figure 8). It is easy to verify 

fx'in]!'') = n]!'' u nf' u i^f u nl'^''. 

If the graph Ga(1/3) is not touchable, then the critical orbit has no intersection 
1/3 

with Q.^ . With respect to the Yoccoz puzzle induced by Ga(1/3), the puzzle piece 
Pi{v^) is a subset of the domain bounded by ujx^'^^ and w^^'^^^ together with the 
equipotential curves e(i?A5l/"') and e(TA,l/n). Thus, the annulus Aq{v^) is non- 
degenerate. It turns out that all critical annuli Ai{c) are non-degenerate. Therefore, 
the graph Ga(1/3) is admissible. 

If the graph Ga(1/3) is touchable, then there exist an integer p > 1 and a critical 
point c £ Cx such that /a(c) E ^a^^. Note that the preimage of 0^^^ that lies in 

5*2 U S-2 is ^'x'^^ and the preimage of Q\ that lies in ^2 U S-2 is ^^a''*. In this 
case, with respect to the Yoccoz puzzle induced by the graph Ga(2/3, 1), the puzzle 
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Figure 8. Candidates for admissible graph when n = 4 
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Figure 9. Candidates for admissible graph when n > 5 



piece Pi(/^(c)) is bounded by i^^^^^ and thus, the annulus Ao{f^{c)) is non- 

degenerate. It follows that all critical annuli Ap{c) are non-degenerate, and the 
graph Ga(2/3, 1) is admissible. □ 
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In the following, we will consider the case when n > 5. Let 

j>0 2<k<n-2 

be the set of all angles in Q whose orbits remain in U2<fc<n-2(®fc ©-fc) under 
all iterations of r, and let Qper be the set of all periodic angles in 0. Based on a 
similar argument as for Lemma 
By Lemma 



3.1 



3.3 



we can show that Qper is a dense subset of 0. 



one can check that the set Qper can be written as 



Qper = [J {^(s); s = (so, • • • , Sp-i) G and So,-- - , Sp-i G {±2, • • • , ±(n - 2)}} 

p>i 

and that any angle 6 £ Qper is of the form 

g ^ 1 / Xjso) \so\ nP \sk\ 

2 V n ninP - 1) nP - I ^ n'^+i 

Lemma 4.8. When n > 5, there are infinitely many periodic angles 9 ^ Q such that 
the graph Gx{6) is admissible. 

Proof. We can choose an angle S Qper such that the critical orbit avoids the graph 
Gx{9). (Note that there are infinitely many such choices of angle 9). When n > 5, 

the set Uj>of^^ — {0,oo} lies outside 5i U U S_(^n-i) (see Figure 9). Then, 
with respect to the Yoccoz puzzle induced by the graph Gx{9), Pi{v^) is contained 
in the interior of S*! U 5*0 U 5_(„_i) and is a proper subset of Po{v^). Because 

/a(P2(co)) = Pi(4) and /a(Pi(co)) = Po«), we know that ^i(co) = Pi{co)\lWo) 
is non-degenerate. Thus, the graph Gx{9) is admissible. □ 

In the remainder of this section, we prove an important property of the cut rays 
that are used to generate admissible graphs. Let 



ad 



{ 4 ' 2 -J^' n — 3, 
n = 4, 

Qper, fl > 5. 



Note that for any admissible graph Ga(^i,-- - ,9n) constructed by Lemma 4.6 



Lemma 4.7 and Lemma 4.8, {^i, • • • ,9]\j} C Qad- In the following, we will prove 
Proposition 4.9. For any 9 G Qad, the intersection Q^OdBx consists of two points. 
The proof is based on the following: 

Lemma 4.10. Suppose 9 & Q, and 9 satisfies one of the following conditions: 
CI. There are two sequences, {9'^}k>i, {9^}k>i C such that for all k > 1, 

9^ <9 <9l and J{9+, 9) = 3{9^,9) ^oo ask ^oo. 

C2. There is a sequence {9k}k>i C such that 9i < 92 < 9^ < . . . (or 9i > 92 > 

9^ > . . . ) and J{9k, 9) = k for any k >\. 

Then the intersection $7^ n dBx consists of two points. 
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Proof. 1. Suppose 9 satisfies CI and 8(6*) = {sq, si, S2, • By Proposition 3.12 



tlie cut rays ^l^^ and ff-^ botli intersect witli il^ at 2"^^^^'^)+^ Points; tliey lience 
decompose into 2'^(^fc parts: 

f^A(eo,ei,--- = ±Sj>0 <j< 3{9^,9). 

Here U{{eo, ei, • • • , ep) := {z e Q{\ Ox; sx{z) = (eo, ei, • • • , Cp, ±Sp+i, ±Sp+2, •••)}• 




Figure 10. Three cuts rays with angles 9^ > 6 > 9j^ . In this figure, 
J{9'^,9) = 3{9^,9) = 1. Exactly two segments of intersect with 
Bx: niiso,si) andJ7^(-so,(-l)"si). 



Based on the structure of the cut rays (Proposition 3.8) and because the angle 



9 satisfies condition CI, we conclude that of these 2'^^^k'^)+^ parts, only two inter- 



sect with Bx: il^(so, si, • • • 



and 



-so,(-irsi,--- ,(-ir5j(,+^,)). We 



should remark that here we use two cut rays fl^ 



with J (0+0) = J (^-,^ to 
separate the other segments of from Bx (see Figure 10). Moreover, 0^ n Bx C 



^xi^O,Sl, • • • : 

out that 

niriB^ c 



)Uri^(-so,(-l)"si,--- > e)) for any A; > 1. It turns 



n (^1(^0,81, 

k>l 



.)unii-so,{-irsi,--- ,{-iy 



By Proposition 



{z G n{; sxiz) = (so, si, S2, • • • ) or (sq, (-1)"si, (-1)"s2, • • • )} 
lhi0)^Rx{O + 1/2). 

the intersection n dBx consists of two points. These two 



3.8 



points are the landing points of the external rays Rx{9) and Rx{9 + 1/2). 

2. Now we suppose that 9 satisfies C2 and s{9) = {sq, si, S2, • • • )• We only prove 
the case when n is odd. The argument applies equally well to the case when n is 
even. Let {9k}k>i C be a sequence such that 0i < 6*2 < 03 < • . . and J{9k, 9) = k 
for any k > 1. The following facts are straightforward: 

Fact 1. Let z G il^. If the itinerary sx{z) is of the form (eo, • • • , e^, Sfc+i, • • • ) 
or(eo,-- - ,efc,-Sfc+i,-Sfc+2,---)forsomeA; ^ 0, then sx{f^~^^{z)) = ±(sfc+i, Sfc+2, • • • ) 
s(r'=+i(0)) or s(r'=+i(0)+i). By Proposition 



3.7 



f'^+\z) E Rx{r'^+H0))^Rxir'^+HO) + 



Thus, z lies in the closure of some external ray or radial ray Ru{9u) for U G V. 
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Fact 2. For any k > 1, B\ has no intersection with any bounded component of 
c\U i<j<fe^A''; Figure 11. (The proof is almost immediate from Proposition 
3:71) 




Figure 11. Cut rays with angles 9i < 62 < ■ ■ ■ < 6, 3{9,9i) = 
1,3(9,92) = 2, • • • . Moreover, Bx has no intersection with the 
bounded components Wi and of C \ (Jl^^ U 17^"). 

Fact 3. The sections of that intersect with the unbounded component of 
C \ UkjXA: follows: 

^{{so,--- ,Sk), ^{{-sq,--- ,-Sk), 
^iiso, ■■■ ,Sj, -Sj+i, ■■■ , -Sk), ^xi~^o^ ■ ■ ■ ' • • • , Sk), <j <k. 

Let £k be the collection of these sections. 

Based on Facts 2 and 3, we have Bx H C [J^^^^ E for any k > 1. It 
follows that 'Bl<r^VL{ (Z fl^oi UiJe^-fe ^ = {z £ n{,sx{z) is of the form ± s(6') 
or ± (so, si, • • • ,Sk, -Sfe+i, -Sfc+2, • • • ) for som e fc > 0}. 

By Fact 1, for any 2; G n 17^, either z G Rx{9) Rx{9 + 1/2) or there exist 
U £ V \ {Bx} and an angle 6u such that z £ Rij{9u). In the following, we show 
that the latter is impossible. In fact, \i z £ Bxr\Vt\r\ Ru{9u), then z S dBx H dU. 
Let p > be the first integer such that fx{U) = Tx- 

After p iterations, we see that (-2) G dBx H dTx and fxi^) is the landing point 
of the radial ray Rt^{9t^) = f^{Ri/{9u))- On the other hand, fx^^{z) is the landing 
point of the external ray Rx{9x) = f^^^ {Ru{9u))- Therefore, /^(-z) is also a landing 
point of some external ray Rx{(3), fi G t~^{9x)- Because both Rt^{9t^) and Rx{P) 
land at fxiz), and fxiRTxi^T^)) = /a(-Ra(/3)) = Rxi9x), fxiz) is necessarily a critical 
point in Cx- 

However, the result that fx{z) G f^{^x) ^ leads to a contradiction because for 
any a £ Q, the cut ray Jl" avoids the critical set Cx- 

Now, we are in the situation BxHQ^^ C Rx{9) U Rx{9 + 1/2), and the conclusion 
follows. □ 



Proof of Proposition \4.S\ It suffices to verify that for any 9 £ Qad, 9 satisfies either 
CI or C2 by Lemma [iTTO 
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When n = 3, s(l/4) = (1,-1), s(l/2) = (2). Define two sequences of angles 
{afc}fc>i,{/3fc}fc>i C such that 

s(ai) = (1, -2,-1,1,-1, 1, •••), s(/3i) = (2,1, -1,2,2,2,---), 
s(a2) = (1, -1,2,1,-1,1, •••), s(/32) = (2,2, 1,-1,2,2, •••), 
s(a3) = (1, -1, 1, -2, -1, 1 • • • ), s(/33) = (2, 2, 2, 1, -1, 2, • • • ), 

Then, ai > a2 > > • • ■ and J{ak, 1/4) = fc for any k > 1; (3i < (32 < 1^3 < • ■ ■ 
and J(/3fc, 1/2) = k. Thus, both 1/4 and 1/2 satisfy condition C2. 

When n = 4, s(l/3) = (2), s(2/3) = (-1), s(l) = (^). Define three sequences 
of angles {ak}k>i, {/3fc}fe>i, {7fc}fc>i C such that 

s(ai) = (2, 1, -2, 2, 2, • • • ), s(/3i) = (-1, -3, -1, -1, • • • ), s(7i) = (-3, -1, -3, -3, • 
s(a2) = (2, 2, 1, -2, 2, • • • ), s{p2) = (-1, -1, -3, -1, • • • ), 3(72) = (-3, -3, -1, -3, • 
s(a3) = (2, 2, 2, 1, -2, • • • ), s(/33) = (-1, -1, -1, -3, • • • ), 3(73) = (-3, -3, -3, -1, • 

Then ai < Q2 < 03 < • • • and J(afc, 1/3) = k; /3i > (32 > > • • • and J(/3fc, 2/3) = 
^; 71 < 72 < 73 < • • • and J(7a:, 1) = k. Thus, 1/3, 2/3, 1 all satisfy condition C2. 

When n > 5, we can prove that for any 6 G Qper, G satisfies condition CI. (In fact, 
this is true for all 6 G 0).) The proof is as follows. Suppose s(^) = (sq, si, S2, • • • ). 
For any A; > 1, we choose s^, G {=tl, =t('^ — 1)} and s^^;^, s'^j^-^ G I \ {0, n} such 
that 

(1) K\ < \sk\ < 141, _ 

(2) (so, • • • , Sfc , Sfc+i, ■5fc+2, Sfc+3, ■ ■ ■ )> (■50, " " " , , Sfc-1, Sfc , Sfc+i, Sfc+2, Sfc+s, • • • ) S 

TiQ. Let 

4 — '^((•SO, • • • , Sfe-l, S^, S^_^-^, Sfc+2, Sfc+3, • • • )), 
^k = '^((•50, • • • , Sfe-1, Sfc , SA;+2, SA;+3, ■ ■ ■ ))• 

It is easy to check that < ^ < ^ and J(4, 6*) = 3{9^ ,9) = /c — > 00 as A; — > 00. 
□ 



4.3. Modified puzzle piece. Consistent with the idea of the 'thickened puzzle 
piece' used in \21\ to study the quadratic Julia set, we construct the 'modified 
puzzle piece' for McMullen maps. The 'modified puzzle piece' can be used to study 
the local connectivity of J{fx) in the non-renormalizable case (see Lemma 7.1). It 
is also used to define renormalizations (see Remark 5.3). 

Given an angle ^ G with itinerary s(^) = (sq, si, S2, • • • ), cut ray fi^ is 
identified as fi^ = r\k>o fx^'i'^^k U •S'-Sfc); it can be approximated by the sequence 
of compact sets {i^x,m = no<A:<m /a ^('S'sfe U S-Sk)}m>o in Hausdorff topology. Now, 
we consider the set C \ 17^^^. The open set C \ $7^ consists of two connected 
components, and the boundary of each component is a Jordan curve. Denote these 
two boundary curves by 7A,m('^) ^nd 7|,m(^)- Let Vmi9) = 7A,m(^) ^ 7A,m(^) be the 
intersection of these two curves. It is obvious that Vm{9) consists of finitely many 

points and that V„^{9) = n ( Uo<fc<m+i /a ''(°°)) • ^or any v G Vmi9), let D{v) 
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Figure 12. An example of 'modified puzzle pieces', to depth one. 

be the connected component of {z £ Ax;Gx{z) > 1} that contains v. Obviously, 
D{v) is a disk. 

In the following, we construct the 'modified puzzle piece'. For the Yoccoz puzzle 
induced by the graph Gx{6i, • • • , On), recall that each puzzle piece Pq of depth zero 
is contained in a unique component of C\gx{9i, • • • , 6n)- This component is simply 
connected and is denoted by Qo- We may choose a m large enough so that for any 
a, /3 G {r'=(%); 1 < j < A^, A; > 0} with f]^ / ^1, 

The disk Qo is bounded by some collection of cut rays, say {^x'l ^ ^ ^(Qo)}; where 
A(Qo) is an index set induced by Qo- For any a G A((5o), choose a curve 7(a) S 
{Ta m('^)' Ta m('^)} such that 7(a) n Qo = 0- Let Qo be the connected component of 
^ \ UaeA(Qo) ^(") contains Qo, and let ^(Qo) = UaGA(Qo)(^™(") ^ ^'^o)- The 
modified puzzle piece Pq of Pq is defined as follows: 

Po = Qo- U 

^'ey(Qo) 

Roughly speaking, we can obtain Po from Qo by thickening Qo near 9Qo \ V'(Qo) 
and truncating Qo near the points in F(Qo)- The puzzle piece Po is not contained 
in Po; for this reason, we call Po the 'modified puzzle piece' of Pq rather than the 
'thickened puzzle piece' of Po. 

Modified puzzle pieces of greater depth can be constructed by the usual inductive 
procedure; if P^ is the modified puzzle piece of depth d, then each component of 

fx^i^d^) is file modified puzzle piece of depth d+l (see Figure 12). 

The advantage of these modified puzzle pieces is as follows: if a puzzle piece 

P^ contains P^_^^, then the modified puzzle piece P^ contains P^_(_p which can 
be easily proved by induction. In other words, this construction replaces all of our 
annuli with non-degenerate annuli. 
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For z G C\ (A;)^U Jo), let Pd{.z) be the modified puzzle piece of Pd{^)- We will only 
make use of modified puzzle pieces that are small enough to satisfy the following 
additional restriction: if i-'d(z) contains a critical point, then Pd[,z) must already 
contain this critical point. Note that if the graph Gx{9i, ■ ■ ■ , 6j^) is not touchable, 
then this requirement is easily satisfied for any bounded value of depth d by choosing 
m large enough, which will suffice for the applications. 

Based on construction, the puzzle piece Pd{z) and the modified puzzle piece Pd{z) 
satisfy the following relation: 

d>0 d>0 

The modified puzzle pieces also satisfy the following symmetry properties: For 

any z £C\{AxUJo), 

-Po{z) = Poi-z); uPdiz) = Pdiojz), a;2n = 1, d > 1. 

4.4. Tableaux. In this section, we present some basic information on tableaux, 
based on Milnor's Lecture j21j. Applications of tableaux analysis combined with 
puzzle techniques can be found in [2], [ll), [21], [22], [25], [26], (27), [32] and many 
other papers. 

Recall that Jq is the set of all points on J{f\) with orbits that eventually touch 
the graph Ga(^i, • • • , 0]\f). For x £ C \ {Ax U Jq), the tableau T{x) is defined as the 
two-dimensional array {Pd,i{x))d,i>o, where Pd,i{x) = f{{Pd+i{x)) = Pd{f{{x)). The 
position {d,l) is called critical if Pd^i{x) contains a critical point in Cx- If Pd,i{x) 
contains a critical point c G C^, the position (d, /) is called a c-position. 

For any x S C \ {Ax U Jq), the tableau T{x) satisfies the following three rules: 

(Tl) For each column / > 0, either the position (d, /) is critical for all d > or 
there is a unique integer c?o > such that the position (d, I) is critical for all d < dQ 
and not critical for d > do. 

(T2) If Pd,i{x) = Pd{y) for some y G C \ (^a U Jq), then Pr,i+j{x) = Pij{y) for 
0<i+j<d. 

(T3) Let T(c) be a tableau with c £ Cx- Assume 

(a) Pd+i-i,i{c) = Pd+i-i{c') for some critical point c' G Cx, < I < d, and 
Pd-i^i{c) contains no critical points for < i < I; 

(b) Pd,m{x) = Pd{c) and ^^+1,^(2;) 7^ Pd+i{c) for some m > 0. 
Then, Pd+ {x) / Pd+l-l{c'). 

Remark 4.11. The tableau rule (T3) is based on the fact that every puzzle piece of 
depth d > 1 contains at most one critical point in Cx- 

Definition 4.12. 1. The tableau T{x) is non-critical if there is an integer do > Q 
such that {dQ,j) is not critical for all j > 0. Otherwise, T{x) is called critical. (One 
should be careful to note that T{x) is critical does not mean x £ Cx-) 

2. The tableau T{x) is called pre-periodic if there exist two integers I > and 
p > 1 such that Pd^i+p{x) = Pdj{x) for all d> 0. In this case, ifl = 0, T{x) is called 
periodic, and the smallest integer p >\ is called the period ofT{x). 

3. Let RoWc(d) be the d-th row of the tableau T{c) with c £ Cx. We say RoWc(d + 
/) with I > is a child of Rowc(d) if there is a critical point c' £ Cx such that 
Ad{fl^{c)) = Ad{c') and /| : Ad+i{c) — )• Ad{c') is a degree two covering map. 
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4- Let c G Cx- For d > 1, we say RoWc((i) is excellent if Ad{fx{c)) is not 
semi- critical for all I > 0. 



Remark 4.13. By Lemma \4.l\ and the fact that f^i^z) = ±f^{z) for k > l,a;^" 
1, we have 

1. If {d, I) is a critical position for some tableau T{c) with c G Cx, then (d, I) is a 
critical position ofT{c') for every c' £ Cx- 

2. If there is c € Cx such that the tableau T{c) is critical, non-critical or pre- 
periodic, then for every c' G Cx, the tableau T{c') is critical, non-critical or pre- 
periodic, respectively. 

3. IfKoWc{d) is excellent or has a child Rowc((i+/) for some critical point c £ Cx, 
then for every d G Cx, RoWc'((i) is excellent or has a child RoWc'(d + /), respectively. 

Lemma 4.14. Suppose some tableau T{c) with c £ Cx is critical but not pre-periodic, 
then 

1. For every (i > 1, RoWc((i) has at least one child. 

2. //RoWc((i) is excellent, then Rowc(d) has at least two children. 

3. //RoWc((i) is excellent and Kow c{d -\- 1) is its child, then Kow c{d -\- 1) is also 
excellent. 

4. //RoWc((i) has only one child, say Kow c{d -\- 1) , then c{d + I) is excellent. 

Proof. 1. By hypothesis, for every d> 1, we can find a smahest integer / > such 
that the annulus ^^(/{(c)) is c'-critical for some c' £ Cx. The map /| : A(ij^i{c) — )• 
Afi{c') is a degree two covering map, which imphes that RoWc(d + /) is a child of 
RoWc((i). 

2. Fohowing 1, there exists d' > d such that the annulus A^/(/|(c)) is c'-semi- 
critical. Because RoWc(c?) is excellent, by tableau rule (T3), Ad'-tif^x^^ic)) is either 

off-critical or semi-critical for < t < d' — d. In particular, Ad{fl^'^ ""^(c)) is off- 
critical. Hence, we can find a smallest integer I' > I + d' — d such that the annulus 
Aii{fx (c)) is critical; therefore, RoWc(d + /') is another child of RoWc((i). 

3. If RoWc((i + /) is not excellent, then there is a column /' > / such that 
^d+;(/|'(c)) is semi-critical. By tableau rule (T3), ^^(/j^^' (c)) is also semi-critical, 
which contradicts the fact that Rowc(d) is excellent. 

4. If RoWc((i + /) is not excellent, then as in (3), ^(^(/j^'^' (c)) is semi-critical for 
some /' > /. Suppose > / is the smallest integer. We can find a smallest integer 
t > V + I such that Ad{f\{c)) is c'-critical for some d € Cx- Then RoWc((i + t) is 
also a child of RoWc((i), which is a contradiction. □ 

Lemma 4.15. Suppose some tableau T[c) with c £ Cx is critical and pre-periodic. 

1. If n is odd, then there exist exactly two critical points ibc' G Cx such that T{c') 
and T{—c') are periodic. 

2. If n is even, then there is a unique critical point c £ Cx such that T{c) is 
periodic. 

Proof. Because T(c) is critical and pre-periodic, there exist a smallest integer p > 1 
and a unique critical point c' G Cx such that {d,p) is a c'-position for all d>0. 

1. If n is odd, there are two possibilities: either /a(c) = fx{c') or fx{c)+f\{c') = 0. 

If /a(c) = f\{c'), then both T{c') and T{—c') are periodic with period p. In this 
case, there is an integer do > such that for any d > do,0 < I < p, the position 



Dynamics of McMullen maps 



31 



{d, I) is not critical. It is easy to check that for any c £ Cx \ {±c'}, the tableau T{c) 
is strictly pre-periodic. In particular, if p = 1, then -Prf(c') = Pd{f\{c')) for all (i > 0. 
This means that for any d > 0, c' and f\{c') lie in the same puzzle piece of depth d. 
Thus, we conclude {±c'} = {co,c„}. 

If /a(c) + /a(c') = 0, then both T(c') and T{—c') are periodic with period 2p. 
Consider the tableau T{c'); there is an integer do > such that for any d > do,0 < 
I < p, the position (d, I) is not critical and for any d > the position (d, p) is 
(— c')-critical. It is easy to confirm that for any c £ Cx \ {±c'}, the tableau T{c) is 
strictly pre-periodic. In particular, if p = 1, then Pii{—c') = Pd{fx{c')) for all d > 0. 
Therefore, for any d > 0, —c' and fx{c') lie in the same puzzle piece of depth d. 
Thus, we conclude {±c'} = {ci,Cn+i}- 

2. n is even. In this case, based on the fact that fxi'^x) = /a(^a) 
k > 1, we conclude the tableau T{fx{c')) is periodic With a period p and the 
tableau T{—fx{c')) is strictly pre-periodic. There is thus a unique critical point 
c G /a'^(/a(c')) such that T{c) is periodic. For this tableau, there is an integer 
do > such that for any d > do,0 < I < p, the position {d,l) is not critical. It is 
easy to check that for any c" £ Cx\ {c}, the tableau T{c") is strictly pre-periodic. 
In particular, ii p = 1 and T{v^) is periodic, then c = cq; if p = 1 and T{v^) is 
periodic, then c = Cn+i- □ 

5. Renormalizations 

In this section, we discuss the renormalization of McMullen maps with respect to 
the puzzle piece. 

Definition 5.1. If there exist a critical point c of fx, an integer p > 1 and two disks 
U and V containing c such that 

efl --U^V 

is a quadratic-like map whose Julia set is connected (here e € {±1} is a symbol), 
then we say fx is p-renormalizable at c if e = 1 and fx is p-*-renormalizable at c if 
e = — 1. In the former case, the triple (/^, U, V) is called a p-renormalization of fx 
at c. In the latter case, the triple {—f^,U,V) is called a p-* -renormalization of fx 
at c. 

In the following, we use Kc = {z£ U; (ef^fiz) G C/,V A; > 0} = nfc>o(«/A)~*'(^) 
to denote the small filled Julia set of the (*-)renormalization {ef^,U,V). By the 



straightening theorem of Douady and Hubbard 11 , if (e/^, U, V) is a renormalization 



of fx, then e/^ is conjugated by a quasi-conformal map a to a unique quadratic poly- 
nomial Pfj,{z) = + in a neighborhood of the filled Julia set K^. Let (3 be the 
/3-fixed point (i.e., the landing point of the zero external ray) of and /?' be the 
other preimage of /3. We call /3c = cr~^{f3) the /3-fixed point of the renormalization 
(e/^, U, V). The other preimage of /3c under the renormalization is = (T~^(/3') . 
In this section, we always assume that the graph Ga(^i, • • • , 9n) is admissible. 

5.1. From tableau to renormalizations. 

Lemma 5.2. Suppose some tableau T(c) with c £ Cx is pre-periodic. 

1. IfT{c) is non-critical, then fx is critically finite. 

2. IfT{c) is critical, then fx is either renormalizable or *-renormalizable. 
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Proof. Because T(c) is pre-periodic, there exist two integers I > and p > 1 such 
that Pdifi^^ic)) = Pd,i+p{c) = Pd,i{c) = Pdifiic)) for all d>0. 

1. T{c) is non-critical. In this case, the tableaux T{f{{c)) and r(/f+P(c)) are also 
non-critical. Based on Lemma 



7.1 



{fi^'ic)} = f]d>oPdif[^'ic)) = nd>o Pdifiic)) 



{/{(c)}. Therefore, f^^^ic) = /{(c), and f\ is critically finite 



2. T(c) is critical. If n is odd, then based on Lemma 4.15 there are exactly two 
critical points ±c' E Cx such that r(c') and T(— c') are periodic. Suppose the period 
is p, and consider the tableau Tic'). There are two possibilities: 

Case 1. There is an integer do > such that for any d > do,0 < I < p, 
the position id, I) is not critical. Then, /^ : P^Q+pic') — )• Pdoi^') is a quadratic- 
like map and {f^^ic');k > 0} C Pdo+pic')- Thus, (/^, Prf(,+p(c'), Pdo(c')) is a p- 
renormalization of fx at c'. Because /a is an odd function, (/^, Pd^+pi—c'), Pd^i—c')) 
is a p-renormalization of /a at — c'. 

Case 2. p is even and there is an integer do > such that for any d > do,0 < 
I < p/2, the position id, I) is not critical, and for any d > 0, the position {d,p/2) 

is (— c')-critical. Then, — /{''^ : Pdo+p/2ic') Pdoi^') is a quadratic-like map with 
ii-l)'' fx''^\c');k > 0} C P,o+p/2(c'). Thus, i-ff,Pdo+p/2ic'),Pdoic')) is a p/2- 
*-renormalization of fx at c'. It turns out that i—fx^'^,Pdo+p/2i~c'),Pdoi~c')) is a 
p/2-*-renormalization of fx at — c'. 

If n is even, then based on Lemma |4.15 there is a unique critical point c £ Cx 



such that T(c) is periodic. Suppose the period is p; there is then an integer do > 
such that for any d > do,0 < I < p, the position id, I) is not critical. Then, 
/^ : Pdo+pic) Pdoic) is a quadratic-like map and {/f (c);fe > 0} C Pdo+pic). 
Thus, if ^, Pdo+pic), Pdoic)) is a p-renormalization of fx at c. Because fx is an even 
function, (—/{', Prfg+p(—c), Prfy(—c)) is a |?-*-renormalization of fx at — c. □ 



Remark 5.3. Lem,ma \5.^ also holds when the graph Ga(^i, • • • , On) is not touchable. 
Indeed, in this case, we can use modified puzzle pieces to define renormalizations. 

Proposition 5.4. Suppose fx has a non-repelling cycle in C; then fx is either 
renormalizable or *-renormalizable. In this situation, there are three possibilities: 

1. If fx is renormalizable and n is odd, then fx has exactly two non-repelling 
cycles in C. 

2. If fx is * -renormalizable and n is odd, then fx has exactly one non-repelling 
cycle in C. 

3. If fx is renormalizable and n is even, then fx has exactly one non-repelling 
cycle in C. 

Proof. Let C = {zo, fxizo), • • • , fxi^o) = -^o} be the non-repelling cycle of fx in C. 
By Proposition|4.5| we can find an admissible graph Ga(^i, • • • , 0^). By Proposition 



3.10, the cycle C avoids the graph Ga(^i,-- - ,6n). Thus, for any z £ C and any 
integer d >0, the puzzle piece Pdiz) is well-defined. 

We claim that there exist z £ C and a critical point c G Cx such that Pdiz) = Pdic) 
for all d > 0. Otherwise, the tableau T(z) is non-critical for any z £ C. It follows 
that there is an integer do > such that the map /^ : Pdg+gizo) — )■ Pdoi^o) is 
conformal. Based on the Schwarz lemma, |(/a)'(-2o)| > 1) which is a contradiction. 
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In this way, we can find a critical point c G Cx with tableau T(c) that is periodic. 
Based on Lemma |5.2[ fx is either renormalizable or *-renormalizable. 

To continue, suppose the period of T(c) is p, which is necessarily a divisor of q. 
Based on Lemma |5.2[ there are three possibilities: 

(PI), n is odd and (/^, Pdo+p{c), Pdo{c)) is a p-renormalization of fx at c. In this 
case, (/^, PdQ+p{c) , Pdg (c)) is quasi- conformally conjugate to a polynomial z i— )• z'^+n. 
Because a quadratic polynomial has at most one non-repelling cycle (see |3] or [28|), 
it turns out that C is the only non-repelling cycle contained in Uo<j<p /a(-^c)- On 

the other hand, —C is the only non-repelling cycle contained in Uo<i<p /a(~-^c)- 
Because there are exactly two critical points whose tableaux are periodic in this 
case and (Uo<j<p/^(i^c)) H (Uo<j<p/^(— i^c)) = 0, we conclude that fx has exactly 
two non- repelling cycles in C. 

(P2). n is odd and {— fx^'^ , PdQ+p/2{c), Pdoi^^)) is ap/2-*- reorganization of /a at c. 
In this case, the cycle C meets both Kc and —Kc- By a similar argument as above, 
one sees that C is the only non-repelling cycle contained in Uo<j<p /a(-^c)- Because 
the cycle —C is also contained in Uo<j<p /a(-^c), it turns out that C = —C. 

(P3). n is even and (/^, Pdg+p{c), Pdoic)) is a p-renormalization of fx at c. In this 
case, c is the only critical point whose tableau T(c) is periodic. Based on a similar 
argument as made above, we show that C is the only non-repelling cycle in C . □ 

In the following, we discuss the case when fx has an indifferent cycle of multiplier 
g27ri0_ Douady [9j conjectured that for any rational map, whenever it is linearizable 
(i.e., the map is conformally conjugate to an irrational rotation) near an indifferent 
fixed point of multiplier e^'^*^, then 9 must be a Brjuno number. Here, an irrational 
number 9 of convergents Pk/Qk (rational approximations obtained by the continued 
fraction expansion) is a Brjuno number (denoted by B) if 

log Qk+l 



< +00. 



k>i 



According to Cremer, Siegel and Brjuno, ii 9 G B, then every germ f{z) = e'^'^^^z + 



Z2 



0{z ) is linearizable. Yoccoz 33 shows that if the quadratic polynomial z i— t- e z+ 



is linearizable, then 9 G B. For a general case, Geyer (12] shows that for any 
d > 2, ii z 1-^ z'^ + c has an indifferent cycle of multiplier g-^'^*^ near which the map is 



linearizable, then 9 £ B. Based on these results and Proposition 5.4 we immediately 
establish: 

Proposition 5.5. Suppose fx has an indifferent cycle of multiplier e^'^*^; then fx 
is linearizable near the indifferent cycle if and only if 9 € B. 

5.2. Properties of renormalizations. In this section, we assume that some tableau 



T(c) with c G Ca is periodic with period k. By Lemma 5.2 fx is either k- 
renormalizable at c or A;/2-*-renormalizable at c. Let {eff^, Pdg+p{c), Pd^^i^c)) be the 
corresponding renormalization, where 



(e>P) 



(1, A;), if /a is fc-renormalizable at c, 

(—1, k/2), if fx is A;/2-*-renormalizable at c. 



The small filled Julia set Kc = r\d>o ^dic) = r\d>o ^dic) 
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If KcCidBx 7^ 0, we will show that there is a unique external ray in Bx converging 
on Kc- Before the proof, we need a classic result for quadratic polynomials: 

Lemma 5.6. Let p^{z) = + be a quadratic polynomial with a connected filled 
Julia set K. If there is a curve 6 C C\K converging to x £ K and p^{S) D 6, then 
X is the (3 -fixed point of p^. 

Here, a curve 5 <Z C\K converges to x £ K means that 5 can be parameterized 
as (5 : [0, 1) — )• C \ K such that \im.t^i 6{t) exists and lim^^^i 5{t) = x £ K. See [19] 
for a proof of Lemma |5 .61 The conclusion also holds for quadratic- like maps. 



Lemma 5.7. Suppose some tableau T(c) with c €z Cx is k-periodic and KcOdBx ^ 0, 
then 

1. The small filled Julia sets Kc, fx{I^c), ' ' ' , fx^^i^c) pairwise disjoint. 

2. There is a unique external ray Rx{t) in Bx accumulating on Kc- This external 
ray lands at /3c G Kc and the angle t is k-periodic. 

Proof 1. If fi{Kc) n fi{Kc) ^ for some < i < j < A:, then KcH f^'^'~\Kc) / 0. 

Thus, Pd,k+i-j{c) = fx'^''^\Pd+k+i-j{c)) = Pd{c) for ah d > 0. This implies that 
the tableau T(c) is {k + i — j)-periodic, which is a contradiction. 

2. First, note that f^{Pd+k{c)) = Pd{c) for d > 0. Because KcHdBx / 0, Pmk{c)n 
Bx is nonempty and bounded by two external rays, say Rx{0^) and Rx{0:^) with 
9- < e+. Let Qie;^,e+) = P^k{c)nBx, m > l. Because f^Qi^ ^+1,^^+1)) = 
Q{9^,9^), we have 

Thus, there is a common limit t = lim^^ = lim0~. Because 9^ < t < 9^ for 
any m, we have n^t = t (mod Z). Thus, i is a periodic angle and the external 
ray Rx{t) lands at a point z £ KcCi dBx (because rational external rays always 
land). Because RxinH) lands at fx{z) G fl{Kc) n dBx fov < j < k and the small 
filled Julia sets Kc, fx{Kc), • ■ ■ , fx^^{Kc) are pairwise disjoint, we conclude that the 
angles t,nt, - ■ ■ , n^~^t are distinct. Thus, t is fc-periodic. 

Suppose 9 is another angle such that the external ray Rx{9) accumulates on Kc. 
Then, 9^ < 9 < 9^ for any m. Thus, 9 = lim^^ = lim0~ = t. 

To finish, we show z = /3c. Because T{c) is /c-periodic, fx is either /c-renormalizable 
or A;/2-*-renormalizable. In the former case, f^{Rx{t)) = Rx{t). Thus, based on 
Lemma [5.6| z = /3c. In the latter case, because Rx{t) is the unique external ray 
accumulating on Kc, we conclude that Rx{t + 1/2) = —Rx{t) is the unique external 
ray accumulating on —Kc. On the other hand, f^^'^{Rx{t)) is also an external ray 
accumulating on —Kc, and we have fl'^{Rx{t)) = Rx{t + 1/2) = -Rxit). In this 



'A 

ek/2 



case, — fx {Rx{t)) = R\{t)- Again, based on Lemma 5.6, z = /3c. □ 



6. A Criterion of Local Connectivity 

In this section, we present a criterion for the characterization of the local connec- 
tivity of the immediate basin of attraction. This criterion can be applied together 
with Yoccoz puzzle techniques to study the local connectivity and higher regularity 
of the boundary dBx- 
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In the following discussion, let / be a rational map of degree at least two, C(/) 
be the critical set of / and P{f) = Ufc>i f^{C{f)) be the postcritical set. Suppose 
that / has an attracting periodic point zq and the immediate basin B of zq is simply 
connected. Let B{z, 5) = {x £ C; |x — < 5}. 

Definition 6.1. We say f satisfies the 'B'D (bounded degree) condition on dB if 
for any u G dB there is a number Su > such that for any integer m > and any 
component Um{u) of f~'^{B{u,£u)) intersecting with dB, Um{u) is simply connected 
and the degree deg(/™' : Um{u) — )• B{u,eu)) is bounded by some constant D that is 
independent ofu,m and Um{u). 

The following is a remark on the definition: because /"^ : Um{u) — >■ B{u,eu) is a 
proper map between two disks, we conclude by the Maximum Principle that for any 
disk W C B{u,eu) and any component V of f~'^{W) that lies inside Um{u), V is 
also a disk. 

The aim of this section is to prove the following: 

Proposition 6.2. If f satisfies the BD condition on dB, then 

1. dB is locally connected. 

2. If, furthermore, dB is a Jordan curve, then dB is a quasi-circle. 

Before presenting the proof, we introduce a distortion lemma. Let ?7 be a hyper- 
bolic disk in C and z € U. The shape of U about z is defined by: 

Shape(C/, z) = sup \x — z\/ inf |x — z|. 

It is obvious that Shape(C/, z) = oo if and only if U is unbounded and Shape(?7, z) = 
1 if and only if [/ is a round disk centered at z. In all other cases, 1 < Shape([/, z) < 
oo. 

Let K he a connected and compact subset of U containing at least two points. 
For any zi,Z2 G K, define the turning of K about zi and Z2 by: 

A(K; zi,Z2) = diam(i^)/|zi - Z2\, 

where diam(-) is the Euclidean diameter. It is obvious that 1 < /S.{K; zi, Z2) < 00 
and A(if; zi, Z2) = cxd if and only if zi = Z2. 

Lemma 6.3. For i G {1,2}, let (Vi^Ui) be a pair of hyperbolic disks in C with 
Ui C Vi- g : Vi ^ V2 is a proper holomorphic map of degree d, and Ui is a 
component of g~^{U2)- Suppose mod(V2 \ U2) > m > 0. Then, 

1. (Shape distortion) There is a constant C{d,m) > such that for all z G Ui, 

Shape(C/i,z) < C{d,m)Shape{U2, g{z)). 

2. (Turning distortion) There is a constant D{d,m) > such that for any con- 
nected and compact subset K of Ui with jfK > 2 and any z\,Z2 G K, 

A{K;zi,Z2) < D{d,m)A{g{K);g{zi),g{z2)). 



Proof. A complete proof of 1 can be found in [30], Theorem 2.3.2. In the following, 
we prove 2. We assume that g{zi) ^ g{z2). Otherwise, IS.{g{K)\ g{zi), g{z2)) = 00, 
and the conclusion follows. Let p{x,y) be the hyperbolic distance in V2, and let 
Bi, B2 be two hyperbolic disks both centered at g{zi), with radii max^^g^^^) p{g{zi), () 
and p{g{zi), g{z2)), respectively. Let f : V2 ^ D he the Riemann mapping with 
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ip{g{zi)) = 0, and let W = (p{U2)- Because mod(D \ W) = mod(V2 \ U2) > m, we 
conclude by the Grotzsch Theorem that there is a constant r(m) G (0, 1) such that 
W C Dj.(^^y, here, we use Dr to denote the disk {z; \z\ < r}. 

Note that ip{Bi), (p{B2) are two round disks, say D/j and Dr, centered at 0. Based 
on Koebe distortion, there exist three constants Ci(m), C2(m), C3{m) > such that 

Sha,pe{Bi,g{zi)) < Ci{m), Shape{B2, g{zi)) < C2(m), 

R/r < CsM max \g{z,) - C\/\g{zi) - g{z2)\ < C^{m)^{g{K)-g{zi),g{z2)). 

C(ig{K)r\dBi 

For i G {1,2}, let Wi be the component of g~^{Bi) that contains zi. Based on 
the Maximum Principle, Wi and W2 are simply connected. We may assume that 
K C Wi (otherwise, we can replace Bi by a hyperbolic disk centered at g{zi) 
with radius e + max^g^^^) p{g{zi), (), where e is a small positive constant and then 
let e — )■ 0^). Thus, diam(i^) < diam(I^i) < 2snpf^^Qyy^ |C — zi\. Consider the 
location of Z2 , which by the Maximum Principle is either Z2 £ dW2 or Z2 G Ui\ W2 ■ 
In either case, \zi — Z2\ > inf^ggvF2 IC ~ -^il- Thus, by Shape distortion, 

A{K;zi,Z2) < 2 sup \C-zi\/ inf \C - zi\ 
CedWi C6OW2 

= 2Shape(Vri, zi)Shape(P72, zi)Q{Wi, W2, zi) 

< Ci(d,m)Shape(5i,<7(zi))Shape(52,5(zi))Q(H^i,P^2,^i) 

< C2(d,m)Q{Wi,W2,zi) 

where Q{Wi,W2, zi) = inf(^ggvVi IC" -zil/ s'^P(£dW2 IC" -^il- To finish, in the following 
we show that there is a constant c(m) > such that 

Q{Wi,W2,zi) < c{m)A{g{K);g{zi),g{z2)). 

In fact, we only need to consider the case Q{Wi,W2, zi) > 1. In this case, the 
annulus Wi \ W2 contains the round annulus {w G C; sup^ggyi/^ |C — < |w — zil < 
inf(^g9VKj IC — zi|}. It turns out that 

log 1^2,^1) < mod(IFi\W2) <mod(Si\:B2) = -^log- 



^ log {Csim)A{giK)-g{zi),g{z2))) 



< 

The conclusion follows. □ 



Proof of Proposition 6.2. By replacing / with / , we assume zq is a fixed point of 
/. Based on quasi-conformal surgery, we assume zq is a superattracting fixed point 
with local degree d = deg(/ : B ^ B) > 2. Thus, B contains no critical points 
other than zq. By Mobius conjugation, we assume zq = 00. 

Because / satisfies the BD condition on dB, there exists a constant 5 > 
such that for any u G dB, any integer m > and any component Um{u) of 
f^"^{B{u,S)) that intersects with dB, Um{u) is simply connected and deg(/™ : 
Umiu) — ^ B{u,5)) < D. In fact, we can choose 6 as the Lebesgue number of the 
family = {B{u, Su)',u G dB}, which is an open covering of the boundary dB. 

The proof consists of four steps, as follows: 
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Step 1. Let Vmiz) be the component of f "^{B(z,6/2)) contained in Um{z) and 
intersecting with dB, then 

lim sup diaiaiVrniz)) = 0. 

Otherwise, there is a constant do > and two sequences {z^} C dB and {1^} such 
that diam(y£^ (zfc)) > do- For every A; > 1, choose a point S f~^'^{zk) H Vi^{zk)- 
By passing to a subsequence, we assume — >■ yoo £ c^-B and Z]. ^ z^o ^ dB. Based 
on Lemma 6.3, there is a constant C{D) such that 

Shape{Ve,{zk),yk) < C{D)Sha.pe{B{zk,6/2),Zk) = C{D). 

Because diam(V£j. {zk)) > d^, Vg^ (zk) contains a round disk of definite size centered 
at yk- Therefore, there is a constant vq = ro{do, D) such that Vi^, (zk) D B{yoo,ro) for 
large k. Therefore, f^''{B{yoo,ro)) C B{zk,S/2) C B{zoo-,S)- But, this contradicts 
the fact that f^''{B{y^,rQ)) D when k is large. 

Step 2. There are two constants L > and v G (0, 1) such that for any z € dB 
and any k > 1, diam(Vfc(2;)) < Lu^ . 

By step 1, there is an integer s > such that diam(ys(z)) < (5/4 for all z £ dB. 
For each x E dB, we take a point Xkx £ Vks{x) fl (Notice that, in general, 

Vks{x) n f~^'^{x) consists of finitely many points, x^s can be either of them). For 
< j < A:, let Xjs = f^^~^''^{xks) and Uj be the component of f~^^{B{x(^k-j)s-,^ 1"^)) 
containing Xks- Then, 

Xks G Vks{x) = Uk C ■ ■ ■ C Uo = B{xks, 6/2). 

For every 1 < j < k, f^^ : Uj — )• B{x(^j^_j-jg, 5/2) is a proper map of degree < D. 
Because f^^{Uj+i) is contained in B{x(^j^_j)g, 5/4:), 

mod([/, \ U^) > lmod(i?(x(,_,)„V2)\p-^(C/,+i)) > 



mod(S(xfcs,<5/2)\^4s(a;)) > V mod(C/, \ > 



/i;log2 



0<j<fc 

We know from the proof of Step 1 that Shape{Vks{x),Xks) < C{D). Therefore, 
there is a constant K{D) > such that miny^Qy^^^^^^ \xks — y| > -f^(^)diam(T4s(a;)). 
We have 



mod(B(.»„ S/2) \ VU.)) < - log 

It turns out that diam(Vfcs(a^)) < 2K{D) ^^^^^ ^ which implies that there are two 
constants L > and v G (0, 1) such that diam(Vfc(j;)) < Lv^ for all A; > 1. 

Step 3. There exists a sequence of Jordan curves {7^ : S — )• B} such that 
7fc converges uniformly to a continuous and surjective map joo ■ § — ^ dB, where 
§ = M/Z is the unit circle. Hence, dB is locally connected. 

Recall that the Bottcher map (f): B defined by (t){z) = hm (/a (-z))"' is 

fc— >oo 

a conformal isomorphism, which satisfies (j)-'^(^r'^e'^'^'^d.^) = /((^"^(re^'^**)) for {r,t) G 
(l,+oo)xS. Let i{R,t) = <j3-'^{[</R,R]e'^'''^) for G (l,2)xS. By the boundary 
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behavior of hyperbolic metric, there is a constant C > such that for any(i?, t) G 
(1,2) xS, 

Eucl.length(^(i?, t)) < CHyper.length(£(i?, t)) • H.dist((/.-^(i?S), 95) 
< C{logd)R.dist{(l)-\RS),dB) as R ^ 1), 

where Hyper. length is the hyperbolic length in B and H.dist is the Hausdorff distance 
in the sphere C. Thus, we can choose R sufficiently close to 1 such that for any 
t G S, £{R,t) C B{z,6/2) for some z G dB. For k > 0, define a curve 7^ : 
S ^ B by 7fc(t) = ^-^{R'^/'^'e'^'''^). Because f''{ik+q{t)) = lq{d^t) for g > and 
7o(ii^t),7i(d''t) G i{R, d'^t) C B{z, 5/2) for some z G dB, we conclude that 7fc(t) and 
7fc+i(t) lie in the same component of f^^{B{z,6/2)) that intersect with dB. Based 
on Step 2, 

max|7fc+i(t) -7fe(t)| = 0{iy''). 

So {7fc : S — )• i?} is a Cauchy sequence and hence converges to a continuous map 
7oo : S ^ dB. 

To finish, we show 700 is surjective. Let Bk C B he the disk bounded by 7fc(§); 
then Bk (s B^+i and DkBk = B. Each point z G dB can therefore be approximated 
by a sequence of points {zk = 7fc(ifc)}fc>i with Zk G 95/;. There is a subsequence 
A:j such that t^^ too G S as j — )• 00. We then have 700(^00) = hnij 7fc^ (too) = 
limj 7fe^ (tfc^. ) = z. It follows that 700 is surjective. 

Step 4. //, furthermore, dB is a Jordan curve, then dB is a quasi-circle. 

Because dB is a Jordan curve, the Botcher map (p : B ^ C \ can be extended 
to a homeomorphism : 5 — t- C \ D. Define a map ^ : S — t- 95 by V'(C) = 0~^(C) 
for C G S. Then /(V'(C)) = V'(C'^)- Let (/? = be the inverse of V'- Both ^|) and 

are uniformly continuous; thus, for any sufficiently small positive number e, there 
are two small constants a(e), b{e) such that 

V (Ci,C2) gSxS,|Ci-C2| <a(e) |^(Ci) - ^((2)! < 
y {zi,Z2) £ dB X dB,\zi- Z2\ <b{e) \ip{zi) - ip{z2)\ < a{e). 

Given two points zi,Z2 G dB, dB \ {2^1, 22} consists of two components, say Ei 
and E2. Let L{zi,Z2) G {5i,£'2} be a section of 95 such that diam(L(zi, 22)) = 
min{diam(5i), diam(£'2)}- Thus, for any positive number e <^ diam(95), by uni- 
form continuity we have 

\zi — Z2I < b{e) =^ diam(L(zi, 22)) < £• 

Based on Ahlfors' characterization of quasi-circles [Ij , to prove that 95 is a quasi- 
circle, it suffices to show that there is a constant C > such that for any zi,Z2 G 95 
with zi / Z2, A{L{zi, Z2); zi, Z2) < C. In fact, if \zi — Z2\ > e for some positive 
constant e, then A(L(zi, 2:2); -zi; -22) < diam(95)/e. Therefore, we only need to 
consider the case when \zi — Z2\ is small. In the following, we assume 6 <C diam(95) 
and \zi — Z2\ < b{6/2); it turns out that diam(L(2;i, Z2)) < S/2. 

Because / is expanding on 95, there is an integer > such that f^{L{zi, Z2)) = 
dB for all k > N. We can therefore find a smallest integer i > such that 



diam(/(L(zi,Z2))) < 6/2, diam(/+i(L(zi, Z2))) > 6/2. 
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On the other hand, there exist two points wi,W2 G /^(L(zi, 2:2)) such that 
diam(/+i(L(zi,Z2))) = \f{w,)-f{w2)\<[ \f'{z)\\dz\ 

< M\wi -W2\< Mdmm{f{L{zi,Z2))), 
where [wi,^y2] is the straight segment connecting wi with W2 and 
M = max{|/'(z)|;Eucl.dist(z,a5) < 6/2}. 

Thus, we have 

^ < diam(/(L(zi,Z2))) = diam(L(/(zi),/(z2))) < ^. 
By (fTl), there is a constant c{6,M) > such that \fizi) - f{z2)\ > c{6,M). 



Applying Lemma|6.3|to the situation {Vi, Ui) = {Ui{f{zi)), Vi,{f{zi))), (V2, U2) = 
{B{f'''{zi), 6), B{f^{zi), 6/2)) and g = f^, we conclude that there is a constant 
C{D) > such that 

AiL{z^,Z2);zi,Z2)<CiD)A{f{L{zi,Z2));f\zi),f{z2)) < 
Thus, for any x,y £ dB with x ^ the turning A(L(x, y); x, y) is bounded by 



max 



J diam(5B) C{D)6 
\ b{6/2) '2c{6,M) 



□ 



Remark 6.4. Using the same argument as J^, one can show further that if f 
satisfies BD condition on dB, then dB is a John domain. 

The following describes an important case in which / satisfies the BD condition 
on dB. 

Proposition 6.5. // f^{P{f) D dB) < 00 and all periodic points in P{f) H dB are 
repelling, then f satisfies BD condition on dB. 

Proof. The proof is based on the following claim. 

Claim: For any u G dB, there is a constant e„ > such that for any m >0 and 
any component Um{u) of f~'^{B{u,£u)) that intersects with dB, Um{u) contains at 
most one critical point of . 

The claim implies that Um{u) is simply connected by the Riemann-Hurwitz For- 
mula. Because the sequence Um{u) — )• f{Umiu)) —)••••—)• f"^~^{Um{u)) — ^ B{u,eu) 
meets every critical point of / at most once, we conclude that deg(/™ : Um{u) — )• 
B{u,eu)) is bounded hy D = ncgc'(/)deg(/, c). 

In the following, we prove the claim. 

First, note that every point in P{f) H dB is pre-periodic; we can deconstruct dB 
into three disjoint sets X,Y and Z, where X = dB \ P{f), Z is the union of all 
repelling cycles in n dB and Y = (P(/) n dB) \ Z. 

For any x £ X, choose a small number > such that B{x, ex)riP{f) = 0. Then, 
for any component Wm{x) of f~'^{B{x,ex)) intersecting with dB, : Wm{x) — )• 
B{x,ex) is a conformal map. 
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The set Y consists of all strictly pre-periodic points. Thus, there is an integer 
g > 1 such that for any y £Y, f~^{y) H P{f) H dB = 0. For an open set U in C and 
a point u £ U, we use Comp„([/) to denote the component of U that contains u. For 
every y £ Y, choose Sy > small enough such that for any x £ f~'^iy) n dB C X, 
Co'nip^{f~'^{B{y,£y))) C B{x,£x) and Comp^{f~'^{B{y,ey))) contain at most one 
critical point of f^. 

Finally, we deal with Z. For z £ Z, suppose z lies in a repelling cycle of period 
p. Choose Ez > such that 

(1) B(z, £z) is contained in the linearizable neighborhood of z and Cova.'p^{f^'P{B{z^ e 
is a subset of B{z, e^) 

(2) For every u £ (f-Piz) D dB) \{z} C XUY, Comp„(/-P(S(z, e^))) contains 
at most one critical point of fP and Com.p^{f~P{B{z,ez))) C B{u,£u)- 

One can easily verify that the collection of neighborhoods {B{u, u £ dB} are 
just as required. □ 

Corollary 6.6. // / is critically finite, then f satisfies the BD condition on dB. 

Proof. Because / is critically finite, every periodic point of / is either repelling or 
superattracting, which implies that n dB) < oo and all periodic points in 



P{f) n dB are repelling. Thus, by Proposition 6.5, / satisfies the BD condition on 



dB. □ 



7. The boundary dBx is a Jordan curve 



In this section, we will prove Theorem 1 1 . 1 1 and Theorem 1.2 The strategy of the 
proof is as follows. 

First, consider the McMullen maps fx with parameter \ £%. If /a is critically 
finite, then the Julia set is locally connected. Otherwise, by Proposition |4.5[ we 
can find an admissible graph Ga(^i,--- ,^Ar). With respect to the Yoccoz puzzle 
induced by this graph, there are two possibilities: 

Case 1: None of T(c) with c £ C\ is periodic. This case is discussed in sec- 



tion 7.1, and the local connectivity of J{f\) follows from Proposition 7.2 The idea of 
the proof is based on the combinatorial analysis for tableaux introduced by Branner 
and Hubbard (see [2], j2l]) and on 'modified puzzle piece' techniques. 

Case 2: Some T(c) with c £ C\ is periodic. In this case, the map f\ is either 
renormalizable or *-renormalizable. This case is discussed in section 7.2. The local 



connectivity of dB\ follows from Proposition 7.3 The goal of the proof of Proposr 



tion 7.3 is to construct a closed curve separating dB\ from the small filled Julia set 
In section 7.3, we deal with the real parameters A £ . 

In section 7.4, we improve the regularity of the boundary dBx. We first include 
a proof of Devaney that claims that the local connectivity of dBx implies that dBx 
is a Jordan curve. We then show that dBx is a quasi-circle except in two specific 
cases. 

In section 7.5, we present some corollaries. 



7.1. None of T{c) with c € Ca is periodic. Recall that Jq is the set of all points 
on the Julia set J(/a) whose orbits eventually meet the graph Ga(^i, • • • , On). 



Dynamics of McMullen maps 



41 



Lemma 7.1. Let z £ Jifx)\Jo- IfT{z) is non- critical, i/ien End(z) := {^(iy^Pdi^) = 
{z}. 

Proof. It suffices to prove 'End{f\{z)) = {f\{z)}. Because T{z) is non-critical, there 
is an integer > 1 sucli tliat for any j > 0, tlie position {do,j) is not critical. 
Equivalently, for any d > do and any j > 1, the puzzle piece Pd{fl{z)) contains no 
critical point. Let {pj*^_-|^andl < i < M} be the collection of all modified puzzle 

pieces of depth do — 1) numbered so that Pjjl^_i = -Pdo-i(^A )' ^dl^-i ~ -fdo-i(^A )' 
and recall that we use Pd{w) to denote the modified puzzle piece of Pd{w). Every 
modified puzzle piece of depth> do is contained in a unique modified puzzle piece 
Pdf^-i of depth do — 1- Let disti(x, y) be the Poincare metric of P^^-i- For 2 < i < M, 
there are exactly 2n branches of f^^ on PdJ_i, say §{,§2, • • • ,92nJ ^^'^ each on 

Pdg-i is univalent and carries -Pj"'' CC -Pj^Li onto a proper subset of some -Pj^Li- 
It follows that there is a uniform constant < ly < 1 such that 

dist j{gl{x),gl{y)) < i/distj(x, y) 

for any x,y £ P^f CC Pj^^i and any 2 < i < M, 1 < A; < 2n. 

Let D be the maximum Poincare diameters of the modified puzzle pieces of depth 
do- For any integer h > 0, because the sequence 

Pdo+h{fx{z)) ^ Pdo+h-lifxi^)) ^ • • • Pdo+l{f^{z)) ^ Pdoifx^\z)) 

contains no critical point (this follows from the assumption that T(z) is non-critical), 
it follows that 

Hyper.diam(Prf„+fc(/A(z))) < Di^^ 

with respect to the Poincare metric of Pd(,-i{fx{z)). Thus, we have End(/A(2;)) = 
{/a(^)}. □ 

Proposition 7.2. IfT{c) is not periodic for any c £ Cx, then the Julia set J{fx) 
is locally connected. 

Proof. Note that T(c) is either critical or non-critical. First, we prove End(c) = {c} 
and End(z) = {z} for any z G J{fx) \ Jo- We then deal with the points that lie in 
Jo. 

Case 1: T(c) is critical. Because the graph is admissible, we can find a non- 
degenerate annulus A(if^{c). Consider the descendents of Rowc(do). It is obvious 
that if Rowc(t) is a descendent in the k-th. generation of Rowc(do), the annulus 
At{c) is non-degenerate with modulus mod(^rfQ(c))/2'^. If Rowc(do) has at least 2^ 
descendents in the k-th generation for each k > 1, then each of these contributes 
exactly mod(>ld(,(c))/2'^ to the sum mod(Arf(c)). Hence, ^^mod(^d(c)) = oo, 
as required. On the other hand, if there are fewer descendents in some generation, 
then one of them, say Rowc(m), must be an only child, hence excellent by Lemma 



4.14 



Again by Lemma 4.14, we see that ^ j^mod{ Ad{c)) = oo. Therefore, in either 
case, End(c) = {c}. 

Now consider a point z S J{fx) \ {Jo U Cx)- If T{z) is non-critical, then by 
Lemma 7.1 , End(z) = {z}. If T{z) is critical, then for each d > 1, there is a smallest 
integer Id > such that both (d. Id) and (d. Id + 1) are critical positions. It follows 
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that : Ad+i^{z) — Ad{c') is a conformal map for some c' G Cx. In this case, 
^^mod{Ad{z)) > ^^mod(^d+i^(2;)) = ^^mod(^rf(c)) = oo, hence End(2;) = {z}. 



Case 2: T{c) is non-critical. It follows from Lemma 7.1 that End(c) = {c}. 
For z S J(/a) \ (JqUCa), we assume T{z) is critical; otherwise, End(z) = {z} based 
on Lemma flA\ Suppose Adg{c) is a non-degenerate annulus and (do + {do + 

1, /2)5 • ■ ■ are all critical positions in the (do + l)-th row of the tableau T(z). Because 
all tableaux T{c) with c € Cx are non-critical, there is a constant D such that 
deg(/j;= : Pd,+i,{z) ^ PdoAi^)) < D for all k > 1. Thus, 

mod{Ado+i,{z)) > D-^inod{Ado{c)) 

for all k > 1. Hence, mod(y4(f(2;)) > mod(^(iQ_|_;^ (z)) = oo and End (z) = {z}. 

Points that lie in Jo. For any z G Jo, the orbit z i— )• fx{z) ^ fxi^) 
• • • eventually meets the graph Ga(^i, • • • ,0]\f). Therefore, the Euclidean distance 
between the critical set Cx and the orbit {fx{^)}k>o is bounded below by some 
positive number e{z). In addition, for every d large enough, z lies in the common 
boundary of exactly two puzzle pieces of depth d. We denote these two puzzle 
pieces by P^iz) and P^{z). In the previous argument, we have already proved that 
End(c) = {c}; this implies Eucl.diam(Prf(c)) — )• as d ^ oo. Choose a do large 
enough such that 

Eucl.diam(Prf„(c)) < e(z) < Eucl.dist(CA, {/A^(z)}fc>o). 

Then, the orbit z i— t- fx{z) ^ fxi^) ^ ' ' ' avoids all the critical puzzle pieces of 
depth do- Let -PJ(-z) = P'^i^) U P'J:{z) for d large enough. Then, the proof of Lemma 



7.1 applies equally well to this situation, and {^d^di^) ~ {-^i immediately follows. 
Connectivity of neighborhoods. Let 



Pdjz), if z G Jifx) \ Jo, 

P^{z) U Pd{z), if z € Jo and d is large. 



Based on Lemma 4.2, for every z G J{f\) and every large integer d, the intersection 



P|(z) n J(/a) is a connected and compact subset of J(/a). Thus, {PJ(z) H J(/a)} 
forms a basis of connected neighborhoods of z. Because C\{P2{z) n J {fx)) = {z}, 
the Julia set is locally connected at z. Note that z is arbitrarily chosen, we conclude 
that J(/a) is locally connected. □ 

7.2. Some T{c) with c G Ca is periodic. Suppose some tableau T(c) with c € Cx 
is /c-periodic for some A: > 0. Based on the proof of Lemma |5.2[ fx is either k- 
renormalizable at c or A;/2-*-renormalizable at c. Let (e/^, Pdp+p(c), ^^^(c)), where 
do is a large integer, be the renormalization and 



(e>P) 



{l,k), if fx is fc-renormalizable at c, 

(— 1, fc/2), if /a is fc/2-*-renormalizable at c. 



The small filled Julia set of the renormalization (e/^, Pdo+p{c), Prfg(c)) is denoted by 
Kc- Recall that /3c is the /3-fixed point of the renormalization and (3'^. is the other 
preimage of /3c under the map ef 



PI 



XiPdo+pic)- 



Assume now that Kc D dBx / 0; then, based on Lemma 5.7, (3c ^ KcCi dBx and 



there is a unique external ray, say Rx{0), landing at Pc- The angle 9 is of the form 
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It follows that (31, G KcD dT\ and there is a unique radial ray RT^{ag) in T; 



A 



landing at /3^. The radial ray RT^{ag) satisfies eff^{RT^{ae)) = R\{9). Let 



K = KcURx{9)URT,ic^0) U i-Kc) U {-Rxi9)) U {-RT.iag)). 

The set is a connected and compact subset of C. Note that —RT^{aQ) = 
RTx{(^e + 1/2)- Let Ai be the component of C \ {K U Bx) that intersects with 
QTxioieiOte + 1/2) and A2 be the component of C \ {K U Bx) that intersects with 



QT;,(a6»+l/2,a6)), where we use Qta(^i, 6^2) to denote the set {4>Tx{re^^^*);^ < r < l,0i < t < 62}. 
Because K U Bx is connected and compact, both Ai and A2 are disks. Let Zi be 
the component of C \ i^T that contains Aj. 
The aim of this section is to prove: 

Proposition 7.3. Assume that Kc H dBx 7^ 0, then for i £ {1, 2}, there is a curve 
Ci C Ai U {0} stemming from Tx and converging to (3c- More precisely, Ci can he 
parameterized as Ci : [0, +00) — )■ Aj U {0} such that £j(0) = 0, £j((0, +00)) C Aj 
and limt^+oo Ci{t) = (3^- 



5.7 



Proof Let V = []^^^{±f{{Kc U Rx{e))). By Lemma 
in the set {±/^(Kc U Rx{0));j > 0} intersect only at t 



any two distinct elements 
le point 00, which implies 



that [/ = C \ r is a disk. 

Step 1. There exists Gi : U ^ U D Zi, an inverse branch of ef^ such that the 
sequence {G-; I > 0} converges locally and uniformly in U to a constant Zi S Kc- 

Because U has no intersection with the post-critical set of fx, its preimage fx^iU) 
has exactly 2n components, say Vi, • • • , V2n- These components are arranged sym- 
metrically about the origin under the rotation z 1— )• e^^^'^z. For every 1 < j < 2n, 
fx'-Vj^Ulsa, conformal map. Moreover, f^^{U) CC\K. 

For 1 < j < p — 1, let ^Ij G {Vi, • • • , V2n} be the component of f^^{U) such that 
% n f^^{Kc) 7^ and the inverse of fx : Clj ^ U is denoted by gj. For j = 0, let 
be the component of fx^{U) such that fig n Kc 7^ and Qq C Zi. The inverse of 
/a : — )• ?7 is denoted by g^ for i G {1, 2}. 

Now, we define 



Gi 



gh°9i°---°9p~i{(^z), zeU ifp>2, 
gliez), zGU ifp = l. 



Because {ef^, PdQ+p{c), Pdo{c)) is a p-(*-)renormalization of fx at c, we have 
Gi{Pdo{c) n U) C Pdf^+p{c) n Zi. The map Gi : U ^ U is not surjective; thus, 
by the Denjoy- Wolff Theorem (see |20|), the sequence {G[;l > 0} converges locally 
and uniformly in [/ to a constant Zj. It follows from Gi{Pdo{c) CiU) C PdQ+p{c) R Zi 
that Zi G Kc- 

Step 2. There exists a curve Ci C U D (Aj U {0}) connecting with Gi{0) for 

ie{i,2}. 

Because the graph Gx{Oi, • • • , On) is admissible, the filled Julia set Kc is disjointed 
from the boundary of any puzzle piece. Thus, for any a G {T^{6j); 1 < i < -/V, s > 0}, 
r is disjoint from the cut ray outside 00. (This is because the external ray 
RxiO) has no intersection with gxi^i,--- ,0n) outside 00; compare Lemma 5.7). 
By Proposition 4.9, for any angle a E {T^^i^j)] 1 < J < -^j s > 0} and any map 
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9 ^ {ahghair-- ,5^-1}, only one cm-ve of 5((a;J\{oo}),g(cj" \ {00} ) intersects 
with dB\, and the other curve connects with a preimage of 0. 

Fix an angle a G {r'^(0j); 1 < j < A^, s > 0}; we define a curve family T by 

= {e^A \ {00}; e^" = 1 and eu^ C ^jel\{Q,n}Sj]- 

We construct the curve Ci by an inductive procedure, as follows: 
First, choose a curve C,p-i ^ such that gp-i{C,p-i) n = and let 7p_i = 
5'p_i(Cp-i)- Suppose that for some 2 < j < p — 1 we have already constructed the 
curves 7p-i, • • • ,7j. We then choose Cj-i G such that gfj_i(Cj_i) H = and 
Cj-i^lj = and let ^j-i = gj-i{Cj-i^^j)- In this way, we can construct a sequence 
of curves 7p_i, 7p_2, • • • , 72, 7i step by step, and each curve has no intersection with 
dBx- These curves connect with some iterated preimage of 0. By construction, 

71= U 91° ■ ■ ■ ° 9j{Cj)- 

i<i<P-i 

We now choose Q ^ J-' such that 9q{Co) H dBx = and Co 7i = 0) and let 
C ^ l'<?^(aU7i)U{0}, ifp>2, 

' l5&(a)u{o}, ifp = i. 

The curve Ci connects to Gj(0) and Ci C U Ci (Aj U {0}), as required. 

Step 3. The union Ci = Uj>o^i(^*) ^•^ curve contained in Aj U {0} and 
converging to /3c- 

By construction, Gi{Ci) C Ci{Ci) U Ci = Ci and Ci \ {0} C Aj. 

To finish, we show Ci converges to /3c. By step 1, the sequence {C^;k > 0} 
converges uniformly on any compact subset oi U to a constant Zi E K^- Because 
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Ci is a compact subset of [/, the curve £j converges to Z j G Kc and Gi{zi) = Zi. 

□ 



Because ef^{Ci) D Ci, we conclude Zi = f3c by Lemma 



5.6 



Corollary 7.4. IfT{c) is periodic for some c £ C\, then dB\ is locally connected. 

Proof. We can assume that f\ is not geometricaUy finite; otherwise, the Juha set is 
locally connected (see [29]). Thus, f\ has no parabolic point. 

If Kc n dBx = 0, then for all j > 0, fliKc) n dBx = 0. Because P{fx) is a subset 

of (Uj>o fii^f^^i^c))) U{oo}) we conclude P{fx) n dBx = 0. Based on Proposition 
|6.2|and Proposition |6.5[ dBx is locally connected. 



If Kc n dBx 7^ 0, then by Proposition 7^, the closed curve £ = £i U £2 U 
{/3c} separates Kc \ {/3c} from dBx \ {/3c}- In this case, for all j > 0, fl{Kc) n 
= {/i(/3c)}- Thus, #(P(/a) n a^A) < 00, and all periodic points in P{fx) D 



dBx are repelling. Again by Proposition |6.2| and Proposition 6.5, dBx is locally 



connected. □ 

7.3. Real case. In this section, we will deal with real parameters. Due to the 
symmetry of the parameter plane, we only need to consider A G = (0, +00). 
In this case, the Julia set J(/a) is symmetric about the real axis. If Cx C Ax, 



by 'The Escape Trichotomy' (Theorem 2.3), the Julia set J{fx) is either a Cantor 



set, a Cantor set of circles or a Sierpinski curve. In the latter two cases, the local 
connectivity of dBx is already known. In the following discussion, we assume Cx H 
Ax = %. 

Lemma 7.5. Suppose A G and Ca n ^a = 0/ then, fx is 1-renormalizable at 
Co = ^\/X. 

Proof. Let U be the interior of (5o U ^.(^.i)) \ {z £ Bx U Tx;Gx{z) > 1} and 
y = C \ {{z £ By, Gx{z) > n} U [—00, v^]). One can easily verify that fx-U^V 
is a quadratic-like map. Because Ca n ^a = 0; the critical orbit {/^(co);/c > 0} is 
contained in U M+. This implies that {fx,U,V) is a 1-renormalization of fx at 
CO- □ 

Let Kcf) = r\k>o fx'^i^) small filled Julia set of the renormalization 

{fx,U,V), f3co be the /3— fixed point and /3^g be the preimage of l3co- It is easy 
to check that Keg is symmetric about the real axis and Keg H is a connected and 
closed interval. 

Proposition 7.6. Kc^ n dBx = {/^cq}- 

Proof. As with the proof of Proposition |7.3[ the idea of the proof is to construct a 
Jordan curve C that separates Kcq \ {/3co} from dBx \ {/3co})- 

We first show that /3co is the landing point of the zero external ray Rx{0). Note 
that rational external rays (i.e., external rays with a rational angle) always land. 
Let zq be the landing point of -Ra(O). Obviously, RxiO) C and zq is a fixed point 
of fx, which implies that zq £ U Ci M"*", and the orbit of zq does not escape from 
U. Therefore, zq £ Kcq. Because -Ra(O) is an /A-invariant ray that lands at zq, we 



conclude zq = Pc^ based on Lemma 5.6 



Let K = Keg U [/3co, +00] U {—Keg) U [—00, — /3co]- One can easily verify ^{K) = 
|J(^2n=i w(i^co U [Oi+oo]). The set F = C \ ii' is a disk, and its preimage f^^{Y) 
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consists of 2n components that are symmetric about the origin under the rotation 
z I—)- e^'^l'^z. For each component X of /^^(y), /a : X — )• 1" is a conformal map. 
Let be the component of /^^(l^) that is contained in So and g be the inverse 
map of fx : Xq — )• Y. Based on the Denjoy- Wolff theorem, the sequence of maps 
{g^;k > 0} converges locally and uniformly in y to a constant, say x. Because 
g{Y nV) C XoCiU, we conclude x £ Kc^. 

Let A be the component of C \ {Bx U Kcq U (— i^co) U ^) that intersects with Tx 
and lies in the upper half plane. 

Claim: There is a path C C AU {0} stemming from Tx and converging to /3co- 
More precisely, C can be parameterized as C : [0, +oo) — A U {0} such that C{0) = 
0, C{{0, +oo)) C A and limt^+oo C{t) = /3co 

Let po = V— A be the preimage of that lies in 5o and 70 = [0,po] be the segment 
connecting withpo- Then, 'jQCi^KcQUdBx) = 0. Indeed, 'joCi Kcq = follows from 
the fact that fx{'yo)nKco C iRnKcg = 0. In the following, we show that joddBx = 0. 
It suffices to show that Bx H D = 0, where D = {z G C; \z\ < ^a/A}. Otherwise, 
i?A n D 7^ implies Bx H dD ^ 0. Because if : z {/A/z maps Bx onto Tx and the 
restriction flsD is the identity map, we have Bx H dD = ip{Bx H dD) = TxCi dD. 
But this implies Bx H Tx 7^ 0, contradiction. 

Note that g maps 70 outside D and 5(70) connects po with a preimage of po that 
lies inside 5o. Let C = Ufc>o 5''^(^o)- By construction, C n {Keg U dBx) = 0, and C 
converges to x G Kcq. Because /a(^) = CU /a (70) ^ we conclude x = (3co based 
on Lemma 15.61 

Let C = £ U £* U {/3co}, where C* = {z; z £ C} . C is a Jordan curve separating 
\ {/3co} from dBx \ {/3co}- The conclusion fohows. □ 



Remark 7.7. Based on the proof of Proposition 7.6, we conclude 

dBxnR = {±/3,J, Kc,nR= [f3'^,(3co], dTxnR = {±p'^}. 
Corollary 7.8. Suppose A G M"*" and Cx H Ax = 0; then, dBx is locally connected. 



Proof By Proposition [7^ if n is odd, then P{fx) D dBx C {-Kco U Keg) D dBx C 
{=b/3co}; if is even, then P{fx) n dBx C i^co H 5i?A C {/^cq}- If /3co is a parabolic 
point, then /a is geometrically finite, and the local connectivity of dBx follows from 
|29]. Otherwise, based on Propositions 6.2 and 6.5 , dBx is also locally connected. □ 



7.4. Local connectivity implies higher regularity. At this point, we have al- 
ready proven that dBx is locally connected if the Julia set is not a Cantor set. Based 
on the arguments of Devaney ^5j, we prove the following proposition, which will lead 
to Theorem II. 1[ 



Proposition 7.9. If dBx is locally connected, then dBx is a Jordan curve. 
Proof. Let Wo be the component of C — Bx containing 0. It is obvious that dWo C 



dBx, Ta C Wo, dTx C 1^0. Based on Lemma [2II e^'^/'^Wo = Wo._ 

Recall that Hx{z) = \/J/z, so Hx{dWo) C Hx{dBx) = 9Ta C Because dBx 

is locally connected, dW^ is locally connected. It follows that C — Wq is connected 

and Hx(C - Wq) (ZWq. _ _ 

Now, we show that /;;'^(0) C Wq. If not, f^^{<d) n (C - Wq) / 0. Based on the 

symmetry of /;^^(0) and C — Wq, we have /^^(O) C C — Wq. This will contradict 

the fact that /^^(O) = Hx{fx\0)) C Hx{C - Wq) C Wq. 
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Because no point on OWq can be mapped into Wq, we have ^(VFq) C Wq and 

f^\Wo) C Wo. Take a point z £ dWo; we have dBx C J(/a) = U>o/a"''W ^ Wo 
and dBx C 91^0 • Therefore, OWq = dBx- 

Now, we show that dBx is a Jordan curve. If two different external rays, say Rx{ti) 
and Rxit2), land at the same point p £ dBx, then Rxiti) U Rx{t2) decomposes dBx 
into two parts. It turns out that OWq ^ dBx, which is a contradiction. □ 



The aim of this section is to prove Theorem 1.3, as follows: 



Proof of Theorem\l.S\ By Theorem 1.1 and Proposition 6.2, it suffices to show that 



fx satisfies the BD condition on dBx- First, we deal with three special cases: 
Case 1. The critical orbit escapes to infinity. 

Case 2. The parameter A G and dBx contains no parabolic point. 
Case 3. The map fx is critically finite. 



In case 1, P{fx) H dBx = 0. Based on Proposition 6.5, fx satisfies the BD 



condition on dBx- For case 2, by Proposition 7.6, either P{fx) H dBx = or 
P{fx) n dBx = {/3c} or P{fx) H dBx = {±/3c}- In either case, /3c is a repehing fixed 
point of fx- By Proposition |6.2[ fx satisfies the BD condition on dBx- For case 3, 
fx satisfies the BD condition on dBx by Corollary |6.5[ 

In the remaining cases, we can use the Yoccoz puzzle to study the higher regularity 
of dBx- There are two remaining cases: 

Case 4. dBx contains no critical point. 

Case 5. Ca C dBx and Cx is not recurrent. 



In either case, by Proposition 4.5, we can find an admissible graph Ga(^i, • • • , 9n)- 
With respect to the Yoccoz puzzle induced by this graph, we consider the critical 
tableaux. For case 4, there are two possibilities: 

Case 4.1. Some T(c) with c G Ca is periodic. 

Case 4.2. No T{c) with c G Ca is periodic. 



For case 4.1, we conclude from Proposition 7.3 that i^{P{fx)ndBx) < oo. Because 



dBx contains no parabolic point, all periodic points in P{fx) H dBx are repelling. 



Thus, based on Proposition 6.5, fx satisfies the BD condition on dBx- 



For case 4.2, we have already shown that End(c) = nd>o-^rf('^) ~ {'^i c £ Cx 
in the proof of Proposition |7.2[ Thus, we can choose a do^^arge enough such that 

Eucl.diam(Prf(,(c)) < Eucl.dist(c, SSa)- 

For d > do, let C/rf be the union of all puzzle pieces of depth d that intersect with 
dBx and Vd be the interior of Ud- For every u G dBx, there is a number > such 
that B{u,eu) C V^g. For any m > and any component Um{u) of f^"^{B{u,eu)) 
intersecting with dBx, Um{u) C Vd^+m C Vd^- By the choice of do, the sequence 
Um{u) —;■•••—)■ fx'^^^{Um{u)) — B{u,eu) meets no critical point of fx] thus, /j^ : 
Um{u) — >• B[u,£u) is a conformal map. Therefore, in this case, fx satisfies the BD 
condition on dBx- 



In the following, we deal with case 5. Again, based on Proposition 7.2, End(c) = 
{c} for c G Ca. Thus, in this case one can verify that Ca is not recurrent if and 
only if all tableaux T(c) with c G Ca are non-critical. Based on Lemma |5.2[ fx is 



critically finite. It follows from Corollary 6.6 that fx satisfies the BD condition on 
dBx- □ 

7.5. Corollaries. In this section, we present some corollaries of Theorem |1.1[ 
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Proposition 7.10. If dB\ contains a parabolic cycle, then the multiplier of the 
cycle is 1 and the Julia set J{fx) contains a quasi- conformal copy of the quadratic 
Julia set o/ z + 1/4. 

Proof. Suppose C = {zq, f\{zo), • • • , fx{zo) = zo} is a parabolic cycle on dBx. We 
will first consider the case A E M"^, then deal with the case X & H. 



First, suppose A G M . By Lemma 7.5 and Proposition 7.6, fx is 1— renormalizable 
at Co and P{fx) H dBx C (— -ft'co U i^co) 9Bx = {±/3co}. Because a parabolic point 
must attract a critical point, we conclude that /3cq is a parabolic fixed point of 
fx- Therefore, {fx,U,V) is quasi-conformally conjugate to a quadratic polynomial 
z I— )• + ;U with a /3— fixed point that is also a parabolic point, thus fi = 1/4. The 
conclusion follows in this case. 



In the following, we deal with the case X ^ Ti. Based on Proposition 4.5 



we can 



find an admissible graph Gx{0i, • • • , On)- Based on Proposition 3.10, the parabolic 



cycle C avoids the graph Ga(^i, • • • ,0^). With respect to the Yoccoz puzzle induced 



by this graph and with an argument similar to that used to prove Corollary 5.4 
we conclude that there is a critical point c £ Cx and a point z £ C such that 
Pdiz) = Pdic) for all d> 0. Thus, the tableau T{c) is periodic. Suppose the period 



of r(c) is k. It is obvious that A: is a divisor of q. By Lemma 5.2, when do is 
large enough, the triple {ef^, PdQ+pic), Pdo{c)) is either a /c-renormalization of fx at 
c (in this case, (e,p) = (1,A;)) or a A;/2-*-renormalization of fx at c (in this case, 
(e,p) = (— l,A;/2)). Moreover, the small filled Julia set Kc = End(c) = r\d>o-^dic) 
and z £ KcD dBx. 



On the other hand, based on Lemma 5.7 there is a unique external ray Rx{t) land- 
ing at (3c, which is the /3-fixed point of the renormalization (e/^, PrfQ+p(c), Prfy(c)). 
Note that we have already proved that dBx is a Jordan curve; the intersection 
dBx n Pd(c) shrinks to a single point as d — )• cxd. Thus, we have Kc H dBx = {Pc}- 
By the previous argument, Pc = z. 

Based on the straightening theorem of Douady and Hubbard, (e/^, Prf(,_|_p(c), Prfy(c)) 
is quasi-conformally conjugate to a quadratic polynomial Pfi{z) = + /x in a neigh- 
borhood of the small filled Julia set Kc. For this quadratic polynomial, the /3-fixed 
point is also a parabolic point, thus fi = 1/4. Therefore, the Julia set J{fx) contains 
a quasi-conformal copy of the quadratic Julia set of z i— >• 2:^ + 1/4. Because the 
multiplier of the parabolic point of z i— )• + 1/4 is 1, it turns out that (e/^)'(z) = 1, 
if'J{z) = 1 and ifinz) = 1. □ 

Proposition 7.11. Suppose fx has no Siegal disk and the Julia set J{fx) is con- 
nected, then every Patau component is a Jordan domain. 



Proof. By Proposition 7.9 and the fact that Hx{Bx) = Tx, we conclude that both 
Tx and Bx are Jordan domains. 

If the critical orbit tends to oo, then the Julia set is a Sierpinski curve that is 



locally connected, and all Fatou components are quasi-disks (by Proposition 6.2). 



If the critical orbit remains bounded, then for any U £ V \ {Tx,Bx}, there is a 

■k 

X 



smallest integer A; > 1 such that f^ : U — t- Tx is a conformal map. Thus, if two 



radial rays Ru{Oi) and Rjj{02) land at the same point, then Rt^{6i) = f^{Rjj{Oi)) 
and Rt^{92) = fx{Ru{(^2)) also land at the same point. This implies that U is also 
a Jordan domain. If there are other Fatou components, then they are eventually 
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mapped to a parabolic basin or an attracting basin. By Proposition 5.2 the map is 
either renormalizable or *— renormahzable. It is known that every bounded Fatou 
component of a quadratic polynomialwithout a Siegal disk is a Jordan disk; it turns 
out that all Fatou components of fx are Jordan disks in this case. □ 

Proposition 7.12. If f\ has a Cremer point, then the Cremer point cannot lie on 
the boundary of any Fatou component. In other words, all Cremer points are buried 
on the Julia set. 

Proof. Suppose fx has a Cremer point z, then the Fatou set F{fx) = Ufe>o fx^{^>^)- 
If z lies on the boundary of some Fatou component, then after iterations, one sees 
that z € dBx. By Theorem 1, there is a periodic external ray Rx{t) landing at z. 
But this is a contradiction because, by the Snail Lemma, every periodic external ray 
can only land at a parabolic point or a repelling point (see pOl). □ 



8. Local connectivity of the Julia set J(/a) 
In this section, we study the local connectivity of the Julia set J {fx)- We will 



prove Theorem 1.3 



The proof is based on the 'Characterization of Local Connectivity' (Proposition 
8.1 ^see |31|)and the 'Shrinking Lemma' (Proposition 8.2 (see j29j or (l7|), as follows. 



Proposition 8.1. A connected and compact set X d C is locally connected if and 
only if it satisfies the following conditions: 

1. Every component ofC\X is locally connected. 

2. For any e > 0, there are only a finite number of components of C \ X with 
spherical diameter greater than e. 

Proposition 8.2. Let / : C — t- C 6e a rational map and D be a topological disk 
whose closure D has no intersection with the post-critical set P{f). Then, either D 
is contained in a Siegel disk or a Herman ring or for any e > there are at most 
finitely many iterated preimages of D with spherical diameter greater than e. 

Proof of Theorem \1.3[ 

1. If fx is geometrically finite, then J (fx) is locally connected (See [29]). Other- 
wise, the Fatou set F{fx) = \Jk>o fx^i-^^)- Because Bx H P{fx) = 9, we conclude 
base on Shrinking Lemma that for any e > 0, there are at most finitely many iter- 
ated preimages of Bx with spherical diameter greater than e. Based on Proposition 
J{fx) is locally connected. 

If fx is neither renormalizable nor *— renormalizable, then the parameter A € H 



.1 



by Lemma 7.5, We can assume that fx is not critically finite; otherwise, the Julia 



set is locally connected. Thus, based on Proposition 4.5, we can find an admissible 



graph. By Lemma |5.2[ none of the tableaux T{c) with c £ Cx are periodic. The 



local connectivity of J {fx) follows from Proposition 7.2 

3. (The notations here are the same as in Section 7.3) We need only consider 
the case when fx is not geometrically finite. In this case, the Fatou set F{fx) = 



[jk>of\''{Bx)- Note that for any z > 0, fx{z) > 2^ z"^ ■ ^ = 2y/\ = v^. Thus, 

{/f(4);^>o}cK,/3eo]. 
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If = /3^g, one can easily verify that the triple {f\,U,V) is quasi-conformally 
conjugate to the quadratic polynomial 2: i— t- — 2, which is critically finite. There- 
fore, fx is also critically finite, and the Julia set i s lo cally connected. 

by Remark 



If^ >/3^„,then Txn[v+,f3,,, 



U{oo}, we have Ta n P(/a 



7.7 



Because P(/a) C [-f3c,„v^]U 



Based on Proposition 8.2 for any e > 



there are at most finitely many iterated preimages of Tx with spherical diameter 
greater than e. Based on Proposition |8.1[ the Julia set is locally connected. □ 
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